CHAPTER 4
PTYKES

Sur les crédences, au salon vide: nul ptyx,
Aboli bibelot d’inanité sonore,
Car le Maitre est allé puiser des pleurs au Styx

Avec ce seul objet dont le Néant s’honore.

Stéphane Mallarmé, “Sonnet en X”

Ptykes are algebraic objects defined by Girard to represent IT;, . | -formulas. Its name
originated from the puzzling word ‘ptyx’ that appeared in Stéphane Mallarmé’s poem
Sonnet en X. Girard defined n-ptykes as a functor from the category of (n — 1)-ptykes
to the category of well-orders preserving direct limits and pullbacks. O-ptykes are well-
orders, and 1-ptykes are dilators.! Girard and Ressayre analyzed basic properties of
n-ptykes in [GirardRessayre1985], which is written in French, which is unfortunate for
non-French speakers.

In this chapter, we develop the theory of 2-ptykes. Most literature calls 2-ptykes
just ptykes, but we reserve the word ptyx for general objects. The reader could find
that most arguments in ?? and ?? carry over in a more complex form. One reason for
the complexity is that we simultaneously use semidilators and semidendrograms, so we
need to convert one into the other. Another reason is that semidilators (or better to say,
semidendrograms) have a tree structure, and we often need to consider ‘hidden’ terms to
convert proofs for dilators to proofs for ptykes. I could not complete every detail on gen-
eral ptykes in this dissertation, but at least for n-ptykes, most basic facts about 2-ptykes

also hold for n-ptykes mutatis mutandis. Many ideas of the first three sections are from

'T was asked why n-ptykes are not named as n-dilators. I would agree with this suggestion, but it is
too late to change the terminology. For future terminologies, we should avoid making new words for the
ptyx-version of dilator notions. For example, a 2-ptyx version of flower should be 2-flower, and should
not use a new word.



[GirardRessayre1985], and Section 4.4 is influenced by Freund [Freund2021Pil4].

4.1 Denotation system of 2-semiptykes

Definition 4.1.1. A [-arity diagram ]I is a commutative diagram over the category of

natural semidendrogramoids with semidendrogram quasimorphisms of the form

o= fm,oi lfl,u (4.1)

) 7 Ay

0,U
such that both f;, , and f; , are morphisms (so they preserve terminal points), the above
diagram is a pullback, and ran f Urang = a_. We say a l-arity diagram is trivial if

an = ay = a; = a,. For a 1-arity diagram of the form (4.1), the diagram —]I is

As we did in ??, we understand a 1-arity diagram as a functor from the category L,

to the category of natural semidendrogramoids with semidengrogram quasimorphisms.

Remark 4.1.2. The condition ‘f ; and f- ; are semidendrogram quasimorphisms’ in
Definition 4.1.1 cannot be fortified by ‘f, ; and f, ; are semidendrogram morphisms,’
otherwise we cannot consider the term configurations of two finite semidilators with their

overlapping parts hidden, like illustrated in Example 3.3.9.

We also use the following notation as we did in ??:

DR
= i lﬂ(l,T)
11(0) Ton A(T)



Definition 4.1.3. Let a, -, a,,_; be natural semidendrograms and let L, be the free
distributive lattice generated by {0, 1, ---,m—1}. A I-1U diagram 1 for ay, -, a,, ;isa
collection of objects {a; | i € L,,} and semidendrogramoid quasimorphisms f;;: a; —

a; for 2 < j such that the following holds:

1. f,,; is the identity map.

2. For: < j <k, fik:fjkofij'

3. Foreachi, j € L,,, the following diagram is a pullback and ran f; ;,;Uran f; ,,,; =
fi/\j J
@ing =777 j
H[Z7j] = fi/\j,1 : lf] Vg

are semidendrogram morphisms.

Moreover, f; ;,; and f;

A% ,iVg

Alternatively, we can think of an IU diagram as a functor from L,, as a category to the
category of natural semidendrogramoids with quasimorphisms.

Definition 4.1.4. Let a,b C C be two finite sub-semidendrograms of C'. The I-diagram

Diag(a,b) of a, b over C is the unique 1-arity diagram isomorphic to the inclusion

diagram
anNb---—-->05b
B
5 T) alUb

Here note that a N b may not be a sub-semidendrogram of C' since a terminal point of

a N b may not be a terminal of C. More precisely, Diag,(a, b) is the innermost diagram



in the below commutative diagram:

g S > b
i o~ o~
I
| lan o] ------- au
I
- : i lel C
< 1
| lall —— lla U b]
L eny engup
| A NG
a = »aUb
In general, for finite semidendrograms ag,---,a,_; C C of a semidendrogram

C, Diag(ag, -, a,_1) is the unique IU diagram isomorphic to the inclusion diagram
J: L, = P(ayU--Ua;_4), where J can be thought of a lattice homomorphism from

(L, A, V) to (PlafU---Ual_;),N,V) satisfying J (i) = a; for every i < n.

Definition 4.1.5. A 2-semiptyx is a set P of P-terms t with a natural semidendrogram

arity(t). For two P-terms ¢, ¢, and a 1-arity diagram

such that a; = arity ¢;, we have a relation tq <j ¢,. We call [l a I-arity diagram for ¢,
and t,. P also satisfies the following:
1. (Irreflexivity) If ¢, = ¢, and I is trivial, then ¢, <j; ¢, does not hold.

2. (Linearity) If ty # ¢, or [ is not trivial, then one of ¢, <y t; ort; <_p t, must

hold.

3. (Transitivity) For three P-terms ¢, t,,t, such that arity(¢;) = a;, and an IU dia-

gl‘am H f0r to, t17 t2, lf tO <H[071] tl and t]. <H[172] t2, then to <H[072] t2.

We say P is positive if arity(t) is a natural predendrogram for every P-term t.



Like semidilators, we can first-order axiomatize the definition of 2-semiptykes over

the multi-sorted language. Also, we have the following:

Proposition 4.1.6. Let P be a 2-semiptyx, t,,t, € field(P), and [ a 1-arity diagram

Jor ty,ty. Then neither t, <y t, nort, <_p tq both hold.

Proof. Suppose not, assume that ¢, <; t; <_j t;. Assume that ]I has of the form
(4.1), and consider the 1-1U diagram [ = DiagaU (ran f,ran g,ran f). Then we have
H[0,1] = IO, A[1,2] = —MO, and ][0, 2] is the trivial diagram for a,. By transitivity of
a 2-semiptyx, we have ¢, <y o) %, 80 ¢y <; t, for a trivial diagram 7K, contradicting

with the irreflexivity. 0

We can also talk about the subobject of a 2-semiptyx:

Definition 4.1.7. Let P be a 2-semiptyx and X C field(P). A sub-2-semiptyx P |
X induced by X is a 2-semiptyx whose field is X with the same arity function and

comparison rules for P.

4.2 Category-theoretic aspects of 2-semiptykes

Semidilators can be thought of as functors from LO to LO. Likewise, 2-semiptykes
should be functors from the category SDil of semidilators to LO. However, unlike
semidilators in which arities and arity diagrams are defined in terms of finite linear or-
ders, we defined 2-semiptykes with finite semidendrograms and not finite semidilators.

It makes the technical definition of 2-semiptykes slightly different from our expectation:

Definition 4.2.1. From a given 2-semiptyx P and a semidendrogram C, let us define

P(C), the application of P to C by

P(C)={(t,a) | tisa P-term, a € C, and |ja| = arity ¢}. 4.2)



We write t(a) instead of (¢, a). The order of P(C') is given by
P(C)E s(a) <t(b) <= PEs <Diag(a,b)

For a semidendrogram morphism f: C' — C’, consider the map P(f): P(C) — P(C")

given by P(f) (ta a) = (t7 f[a])

Proposition 4.2.2. Let P be a 2-semiptyx and C' be a semidendrogram. Then P(C) is a

linear order. Also, P induces a functor SDen — LO.

Proof. Let us prove that P(C) is a linear order. The irreflexivity and the linearity of
a semidilator imply that the comparison relation over P(C') satisfies the irreflexivity
and the linearity, respectively. To see the transitivity of <p .y, suppose that we have
P(C) E sylag) < sy(ay) < sy(ay). Now let [ be the 1-IU diagram isomorphic to a
diagram induced by intersections and unions of a, a, a,, and the insertion maps. In
particular, [I(7, j) is the induced diagram Diag(a;, a;) from a,; and a; for i # j < 2.
Then we have
50 <p(0,1) 51 N $1 <pjo,2] S2-

Thus we have s, <y 2] S by the transitivity of a semidilator, which implies P(C')
So(ag) < sy(ay). To see that P induces a functor, it suffices to show that the following

holds:
1. P(Idc) - Idp(c),
2. P(feg)=P(f)eP(g).
Both of them are easy to verify, so we leave their proof to the reader. [

Definition 4.2.3. Let P and () be two 2-semiptykes. A map ¢: P — () is an embedding

or a 2-semiptyx morphism if it satisfies the following conditions:

1. ¢ is a function field P to field ().



2. ¢ preserves the arity: i.e., arity(¢(t)) = arity(¢) for every ¢ € field P,

3. For each two terms ¢,,t; € field P and a 1-arity diagram ]I between them, we

have ¢ <t iff o(ty) <p ¢(ty).

An embedding ¢ is an isomorphism if whenever ¢: field P — field () is a bijection and
! is also an embedding. We denote P = ( if there is an isomorphism between P and

Q). We also write P < () if there is an embedding from P to Q).

Like the semidilator case, a 2-semiptyx morphism is also one-to-one, and a bijective

embedding is an isomorphism:
Lemma 4.2.4. If1: P — (@ is an embedding, then v: field P — field Q) is injective.

Proof. Suppose the contrary that we have two different P-terms ¢, and ¢; such that
t(ty) = t(ty). Then arity t, = arity ¢(t,) = arity t;, and let IT be the trivial diagram for
to. Then either ¢, <j t; ort; <j ty holds, so we get v(t,) <y t(t) or v(t;) <y t(ty).

It contradicts the irreflexivity of (). [

Lemma 4.2.5. If .- P — Q is an embedding and a bijection, then .™': Q — P is an

embedding.

Proof. Suppose that Q = ¢, <p t;. Then we can find s, s; € field(P) suchthatc(s;) =
toand t(sy) = t,. f PF s < jsg.then EFEt) < jtg,s0QFt < gty <yt

which is impossible. Hence P F sy <p s;. [

We can view an embedding between two semidilators as a natural transformation in

the following manner:

Definition 4.2.6. For a 2-semiptyx morphism ¢: P — ( and a semidendrogram C,

define tj,: P(C) — Q(C) by

tp(t,a) = (u(t),a).



Proposition 4.2.7. Let 1: P — Q be 2-semiptyx morphism between two 2-semiptykes P
and Q. Then v: P(C) — Q(C) is a strictly increasing map. Furthermore, if f: C' —
C’ is a semidendrogram morphism from C to C’, then the following diagram commutes:

rc) 29 pey

o Jrer

QIC) 7 Q(C)

Proof. For 1 being strictly increasing, suppose that we have P(C') F s(a) < t(b), and
let [T be the induced diagram from a and b. Then we have s <y ¢, so 1(s) <y ¢(t).
Since arity s = arity ¢(s) and arity ¢t = arity ¢(¢), (¢(s),a), (¢(t),b) are in Q(C') and
moreover we have Q(C) E «(s)(a) < ¢(t)(b), which is Q(C) F to(s(a)) < ta(t(b)).

The commutativity is easy to check. [

4.3 2-Preptykes and 2-ptykes

In this section, we define 2-preptykes and 2-ptykes. Girard’s original definition of 2-
ptykes is a functor from the category Dil of dilators to the category of well-orders pre-
serving direct limits and pullbacks, and 2-preptykes are a direct limit of 2-ptykes. Every
Girard-styled 2-ptyx extends to a functor from the category PreDil of predilators to LO,
and we can further extend it by ‘ignoring’ non-predilator parts. Although we will not
follow Girard’s original definition, we follow some spirit of his definition; i.e., we will
always require 2-preptykes and 2-ptykes to be positive, so they ignore non-predilator

parts.

Definition 4.3.1. A 2-semiptyx P is positive if for every ¢ € field(P), arity(¢) is a

predendrogram.



Definition 4.3.2. Let us say a 1-arity diagram

a
lel (4.3)

is monotone if a is a natural predendrogram and e, (z) <,g €, (z) for every x € a, where

T <gg v if and only

1. Either z =y, or

2. If m is the least number such that z [ m £y [ m,wehavea Exz [ m <y [ m.

A 2-semiptyx P is monotone if it satisfies the monotonicity condition: For every
t € field(P) and a non-trivial monotone 1-arity diagram [T of the form (4.3), ¢ <j ¢

holds. A positive monotone 2-semiptyx P is called a 2-preptyx.

Like predilators, we can formulate the definition of 2-preptyx in a multi-sorted first-
order language of 2-semiptykes. Also, we can formulate a 2-preptyx in a structural man-
ner: In the following proposition, f < ¢ for two 2-preptyx morphisms f,g: C — C”’

means for every x € C, f(x) <5 g(x).

Proposition 4.3.3. A positive 2-semiptyx P is a 2-preptyx iff for every predendrogram
morphisms f,qg: C — C’, if f < g then P(f) < P(g).

Proof. For the left-to-right direction, suppose that f, g: C' — C” are two predendrogram
morphisms such that f < g. We claim that for each = € P(C), P(f)(z) < P(g)(z).
Every element of P(C') has the form ¢(a) for some ¢ € field(P) and a € C such that

|a|| = arity ¢. Hence
P(C") E P(f)(t(a) < P(g)(t(a)) < P(C") E t(fla]) <t(gla)).

If fla] = g[a], then P(C") & t(fla]) < t(g[a]) clearly holds. Now consider the case

fla] # gla]: Let ¢ = arity t and ] = Diag(f|a], g[a]). Then lis not trivial. Moreover,



if 11 has the form (4.3), then for x € a,

eo(r) Syg €1(x) <= enypy () <ggengy ().

The latter inequality holds by the assumption f < g and the fact that eng,) = f oen,.
This shows e, < e, so [ is monotone. Since P is monotone, P F ¢ <pt Therefore
P(C) E t(fla]) <t(gla]).

For the right-to-left direction, let ] be a non-trivial monotone 1-arity diagram of the
form (4.3), and ¢t be a P-term of arity a. Then e, < e, implies P(e;) < P(e;). In
particular,

P(a,) F P(Dec(eg))(t(a)) < P(Dec(ey))(t(a)).

Observe that P(e;)(t(a)) = t(rane;), so we get
P(a) E t(raney) < t(rane;).

By the non-triviality of [I, we have ran e, # rane;, so the inequality is strict. Since the

induced diagram from ran e, and ran e, is again Il, we get P = ¢ <j . [

Definition 4.3.4. A positive 2-semiptyx P is a 2-ptyx if for every dendrogram C, P(C)

is a well-order.

The following proposition follows the proof of Proposition 1.3.5. However, we work

with predendrograms instead of linear orders, so the proof is more convoluted:

Proposition 4.3.5. If P is a 2-ptyx, then P is a 2-preptyx.
More precisely, a positive 2-semiptyx P is a 2-preptyx if P(C) is well-founded for
every locally well-founded predendrogram C' of finite height such that for every u € C,

the ordertype of the set of immediate successors of u is less than w - 2.

Proof. Suppose that P is a positive 2-semiptyx that is not a 2-preptyx. Then we have

a non-trivial monotone 1-arity diagram [I of the form (4.3) and a P-term ¢ such that

10



arity ¢ = a. Similar to the proof of Proposition 1.3.5, we decompose ]I to simpler 1-arity
diagrams.
Let {u; | i < N} C a be the set of u € a such that e;(u) < e;(u) . We enumerate

{u; | i < N} in a way thatif i < j < N, then

1. Thu,; < lhu]-.

2. If u; and u; have the same immediate predecessor, then u; < u,.

If eg(z) <xg €1(z), then z is an extension of some w,. In fact, if m is the least number
satisfying ey(x) [ m < ey(z) [ m, then we can take u, = = [ m. (Note that ey(z) |
m = ey(x | m) and the same for e;.) For each i < N, define f;: a — a, by

e;(z) x extends u; for some j > N —1 —i,

filz) =

eo(x) Otherwise.
For a technical convenience, we assume u_, is extended to every node. Then f, = ¢,
and fy = e;.

Claim 4.3.6. Each f; is a predendrogram morphism.

Proof. Itsuffices to show that if y is extended to u; for some j > N —1—i, then e, (y) =
e1(y). In fact, the definition of {u; | j < N} implies that ey(u;) and e, (u;) have the

same immediate predecessor, so eq(u; [ m) = e (u; [ m) for every m < lhu;. O

Moreover, f;(z) # f;1(z)iff z extends uy_;_;, and in this case, we have f;(x) <yg
fiv1(2).
Now consider the IU diagram JI = Diag_(ran fq,ran f;,---,ran fy). Then
(G]
[0, N] = [, so the transitivity of a 2-preptyx implies there is ¢ < N such that

P F t £ypiipq t- Now let us write XX = H[i,i + 1]. If we assume XK takes the

11



a
Figure 4.1: The construction of C' from a. The filled triangle, 1, and the other

uncopied part constitute a,. Here, 4, = w - u +,, 1.

form

then gy (z) <g 91 () for every = € a, and they differ iff z extends u := up__,.
Now let us build a locally well-founded predendrogram C' of finite height with a
sequence of subpredendrograms {a; | 7 € N} such that Diag(a;,a;) = XK fori < j.

If we have such C' and a,, then we have
P(C) E t(ag) > t(ay) > t(ay) > -,

so P(C) is ill-founded. The basic idea of the construction of C' is ‘copying’ parts below
u from a w many times; See Figure 4.1 for the illustration of the construction.
Let us start from a natural predendrogram a. We first replace every component of a

with a multiple of w, that is, we consider a new predendrogram a’ such that the map
(€gs €1, s €1) P (wreg,w-€q,,w € _q)

is an isomorphism a — a’. We denote this map by = + w - z. For x € a extending u,

we define a new tuple
W- T+, L= <w T Ly, W Lo, (UJ T+ i)vw C Ly, W xm—l>7 4.4)

where © = (x,-,2,,_1) and u = (xy, -, x;_4) for I < m. Then let us consider the

m—1

12



new predendrogram ¢” = o’ U{w -2z 4,17 | i < w A u —* z} with the following

additional information:
l. IfaFv—ou,thena” Fw-v—o w-u+, i Forz,y € aextending u such that
aFxr—oyad Fw-z+,i—ow-y+, ]
2. " Fw-ut, i <w-u+, jiffi <.

3. ¥ (w- x4, 1) = m(x).
Then consider the subpredendrogram a,; € a” given by
a,={w-z|u *r}U{w-z+i|u—*z} O

Conversely, we can show that every finite 2-preptyx is a 2-ptyx. Let us start with

counting the number of 1-arity diagrams for two copies of a predendrogram:

Lemma 4.3.7. For a natural predendrogram a, there are finitely many 1-arity diagrams

between a and a.

Proof. We may calculate the precise number of the 1-arity diagrams between a and a,
but we only provide a dull upper bound. We will first find a finite family of natural
predendrograms embedding two copies of a, then count the number of such families. A

natural dendrogram C' is h-short N-branching if for u € C'

1. hu < h, and

2. Either u is a terminal point or v~ (i) € C forevery i < N.
We first set the upper bound of the number of h-short N-branching natural predendro-
grams. Let us imagine a forest of height h, with each node branching N times until it

reaches level h. We color the edges of each level: In Level 0, we color 0 or ‘terminates,’

which means we will ignore successors following the edge. In Level 1, we color the

13



edge in either 01, 10, or ‘terminates,” Similarly, in Level k, we color the edge in an ap-
propriate permutation of (k + 1) or ‘terminates.” Some of the colorings give an h-short

N -branching natural predendrograms, so we have at most
(U + DN + 20+ 12V oo 4 (R 1IN

many h-short N-branching natural predendrograms. We can also see that for a 1-arity

diagram [1 of the form (4.3), if we take
* N to be the largest number of immediate successors of a node of C', and
* h is the maximum length of a node of C,
then a , embeds to a h-short /N-branching natural dendrogram. Hence, the number of

1-arity diagrams of the form (4.3) is less than or equal to the number of pairs of subsets

of an h-short N-branching natural dendrogram, which is at most

(DN HEH )Nt (B 1)V g2, O

The proof of the next proposition uses Ramsey’s theorem for pairs, so it is not prov-

able over RCA,, or ECA:

Proposition 4.3.8. Every finite 2-preptyx is a 2-ptyx. In fact, if P is a finite 2-preptyx,

then P(C) is a well-order for every locally well-founded predendrogram C.

Proof. Suppose that P is a finite positive 2-semiptyx that is not a 2-ptyx. We claim that
P is not a 2-preptyx. Fix a locally well-founded predendrogram C' such that P(C') is ill-
founded, so we have a sequence (¢, | i € N) of P-terms and finite subpredendrograms
a; of C such that

P(C) F tylag) > ti(aq) > ta(ag) > .

By the pigeonhole principle, we may assume every ¢, is equal to some ¢. Then consider

the coloring F of domain [N]? given by F(4, j) = Diag,(a;, a;). The range of Fis finite

14



by Lemma 4.3.7, so by Ramsey’s theorem for pairs, we have an infinite homogeneous set
H C N with value [I.

Fori,j € H, P(C) ¥ t(a;) > t(a;) implies P = ¢ £ t. [1is not trivial, otherwise
a, = a, = ay = -, contradicting with t(ay) > t(a;) > t(ay) > ---. Now we claim
that [T witnesses P is not a 2-preptyx: Suppose that /I has the form (4.3). We claim
that e, < e; holds: Otherwise, we have = € a such that ej(z) >4z e;(x). Since
Diag_.(a;,a;) = [1, we also have en,, () >yg en,,, (x) for every ¢ < j. In particular, we
have <yg-descending sequence (en, (z) | i € N) over C of fixed length, i.e., the length

ofen,, (x) is constant. This is impossible since C' is locally well-founded. [

Remark 4.3.9. There is a non-trivial non-positive finite 2-semiptyx P such that P(C') =
0 for every predendrogram C'. An easy example of P is when P has a single term of arity
opp. Hence the positive condition of a 2-preptyx is essential to make the theory of 2-

preptykes more similar to that of predilators.

4.4 2-Semiptykes as functors with support transformation

In this section, we provide an alternative formulation of 2-semiptykes close to the Freund-

style definition of semidilators.

Definition 4.4.1. An F-2-semiptyx is a pair (P, supp), where P: SDen — LO s a functor

and supp: P — [|=“ is a natural transformation satisfying the support condition

{oc € P(C) | supp (o) € ran(f)} Cran(F(f)) 4.5)

for every semidendrogram morphism f: C' — C’. We often omit supp and simply write

P to mean (P, supp).

To formulate the 2-preptyx a la Freund, we need a way to describe ‘ignoring’ the

non-predendrogram part of a semidendrogram:

15



Definition 4.4.2. Let C' be a semidendrogram and z € C. We say z is positive if p, =
lh(t). We define pos(C') to be the set of = € C such that x extends to a positive terminal

node of C.

We can easily see that pos(C') forms a sub-predendrogram of C'. Now, let us state

the definition of a 2-preptyx with support transformation:

Definition 4.4.3. A F-2-semiptyx P is a F-2-preptyx if it satisfies

1. P is positive, i,e, For every semidendrogram C, P(C) = P(pos(C)).

2. P is monotone, i.e., f < g implies P(f) < P(g) for every predendrogram mor-

phism f,g: C — C".

Definition 4.4.4. The category of F-2-semiptykes SPtyxi is the category whose objects

are F-2-semiptykes, and whose morphisms are natural transformations.

Like the semidilator case, every natural transformation between F-2-semiptykes pre-

serves support transformation:

Proposition 4.4.5. Suppose that P, ) are F-2-semiptykes and ¢: P — (@) is a natural

transformation. Then supp® = ¢ o supp”’.

Proof. Let C be a semidendrogram and o € P(C). We also let €, : suppg(o) — C

be the inclusion map and en, = . For a = ||suppZ ()], the support condition

CguppE (o)
implies the existence of o, € P(a) satisfying 0 = P(e, oen,)(o,). By the naturality of

¢ and supp®, we have

supp (1:()) = supp@ (1 @ e, > en,)(05) ) = supp(Qle, o en,y) o1, (0)

= [, o en ] (supp(t,(05)) ) € rane, = supph (o).

For the remaining inclusion, suppose that the inclusion fails and there is x € suppg(a) \

suppg(LC(a)). Fix u € a such that z = en,(u), then we have u € supp’’ (o) \
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supp? (1, (o)) since

en, (1) = (€, o en,)(u) € suppg (1c(0)) (€, = eny] = [suppS (1, ()]

= u € supp%(1y(0)).

Now let us consider a new semidendrogram b obtained from a by ‘copying’ w and its
successors; More precisely, consider a semidendrogram b 3 a with additional nodes v

for v € a extending u, and let us define

1. If w is an immediate predecessor of u, we take b = w — u*. For two nodes

x,y € aextending u such that u F x — gy, we define b = 7 — y™.
2. If z,y € asatisfiesa Fr <u <y, wedefinebFz <u<u’ <y.

3. mb(vh) = m?(v) and p?, = P2 for every v € a extending u.
Now let f,: a — b be the inclusion map, and

x", if z extends u,
filz) =

x, otherwise.

Then, on the one hand, we have

s u= fy(u) € [f0]<w[5uPPaP(Uo)] = SUPPbP(P(fo>(Uo)>’ and
* u¢ranf; 2 [f1]<w[SUPP5<Uo)] = SUPP{,D(PUQ(UO))-
Hence P(f,)(co,) # P(f;)(0y). By the injectivity of ¢;, we have

Q(f0)<La(Uo>> =10 P(fy)(0g) # 1 ° P(f1)(0g) = Q<f1)(ba(00))- (4.6)

On the other hand, the support condition also implies the existence of 7, €&

Q(|Isupp (14 ()| ) satistying
Lo(og) = Qe, (00) ° enba(ao))(ﬁ))

a
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for the inclusion map €, (

o) supp®(t,,(0,)) — aand e, (55) = Mgupp@ (s, (o,))- SiNCE

u ¢ rane, ;= supp%(i,(0y)), we have

90

It implies

contradicting (4.6). O]

Like the semidilator case, we want to show that the category of 2-semiptykes and
that of F-2-semiptykes are equivalent. The following set will have a role of the set of

terms in the denotation system we will construct from an F-2-semiptyx:

Definition 4.4.6. The trace of an F-2-semiptyx P is given by
Tr(P) = {(a,0) | ais a natural semidendrogram A o € P(a) A supp, (o) = a}.

Proposition 4.4.7. For an F-2-semiptyx P, if we define f(P) by field(f(P)) = Tr(P),

arityf(P)(a, t) = a, and for a I-arity diagram

am _____ > a1
O= | lel 4.7)
C;:) ey QU

and (ay,ty), (ay,t;) € Tr(P), let us define
(ag,tg) <g (a1,t1) <= Play) F Pleg)(ty) < Pley)(ty). (4.8)
Then §(P) is a 2-semiptyx.

Proof. Tt is easy to check that the comparison rule of f(F') satisfies asymmetry and lin-
earity. For transitivity, suppose that we have a 1-IU diagram ]I for three objects and

to, tq,ty € field(f(F')) such that (a,,t;) € Tr(F') fori =0, 1,2 and

FOE) Fto <moa) t1 <mpg to-
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Now let (i) = a,; and [1(4, j) = e;; for i < j € Ly be morphisms of [I. Then we have

Plagy1) F Plegov1)(to) < Pleg gyr)(t1) and P(ayyq) F P(eq 1y2)(t) < P(eg 1y2)(ts)-

By applying P(egy1 gy1y2) to the left side, we have

Pagy1v2) F Plegovive) (to) < Pleq gyrve)(ty)-

Similarly, we can see

P(agy1v2) F P(61,0v1v2)<t1) < P<€2,0v1v2)(t2)-
Thus we have

P(agy1v2) F Plegovive) (to) < Pleg gyive)(ta)-

Then by subtracting P(eqy2 gy1y2), We get

P(ag,2) F P(eg ov2)(ty) < Pleg gye)(ts),

which is equivalent to P F ¢y <pjg o] Lo [

We can turn § into a functor SPtyx,z — SPtyx’ by defining f(¢) for a natural transfor-

mation ¢: P — @ by
fo)(a,t) = (a, 14(t))-
Lemma 4.4.8. §(¢) is a 2-semiptyx embedding from {(P) to §(Q).

Proof. §(v) preserves an arity of a term. To see the comparison rule preservation, sup-
pose we are given a 1-arity diagram [ of the form (4.7), and assume that we are given

f(P) E (ag,to) <y (ay,t;), or equivalently,

P(ay) F P(eg)(ty) < Pley)(ty)-
Then let us apply ¢, : P(a;) — Q(ay). Since ¢ is a natural transformation, we have

La, o P(eg) = Q(eg) o Ly, and ¢, o P(ey) = Q(ey) o ¢, . Hence

Qlay) F Qeg)(tq, (to)) < Qer)(tq, (t1)),

which is the definition of §(Q) F §(¢)(ag, t) <y f(¢)(ay, t;). N
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Conversely, we can construct a functor a(P) from an F-2-semiptyx in a natural way:

Definition 4.4.9. Let P be a 2-semiptyx. Let us define a(P)(C) = P(C) for a
semidendrogram C'. For a semidendrogram morphism f: C' — C’, let us define

a(P)(f): a(P)(C) — a(P)(C") by

a(P)(f)(t(a)) = t(fa]).

for t € P and finite a € C such that arity ¢t = ||a].

Then a(P): SDil — LO is a functor. Also, for a 2-semiptyx embedding ¢: P — @,

let us define the natural transformation a(¢): a(P) — a(Q) by

for t € field(P) and a € [D]*%!. To turn a(P) an F-2-semiptyx, we need a support

transformation: Let us define supp®”): a(P) — []<“ by

supps”) (t(a)) = a.

(P)

Lemma 4.4.10. supp®\"’ satisfies the support condition, so a(P) is an F-2-semiptyx.

Proof. Let C',C’ be semidendrograms, and f: C' — C” be a semidendrogram embed-

ding. Suppose thatt € P and a € C, |a| = arity ¢, and

suppg(E)(t(a)) =a Cran f.

Since f is one-to-one, there is b € [D]<* such that a = f'[b], so t(a) = a(P)(f)(t(b))

by definition. ]

As we did in Section 1.4, we constructed functors f: SPtyx,2: — SP’[yx2 and

a: SPtyx2 — Ptyx,%. We prove they are category equivalences:

Theorem 4.4.11. There is a natural isomorphism eaf: a o f — ldgp 2.
F
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Proof. Let us describe a(f(P)) for an F-2-semiptyx P: a(f(P)) is a functor from SDil

to LO, which maps a semidendrogram C' to a linear order of field
a(f(P)(C) ={(a,t)(c) | (a,?) € Tre(F) Na=c EC}.

The comparison rule over a(f(£))(X) is as follows: For (a,t,), (a;,t;) € Tr(F') and

Co, C1 € C,

a(f(P)(C) F (ag, tg)(co) < (ag,ty)(cy)

<= For [ = Diag(cy,c1), f(P) F (ag,ty) <y (as,t;).
and if ]I takes the form (4.7),
f(P) F (ag, ty) <p (a1, ty) < Play) F Pleg)(ty) < Pleq)(ty).

Note that [T = Diag,(cy, ¢;) implies an = [ag N ay|, a, = |ag U a,| and the following

diagram commutes:

C
CoMCy ~mmmmmm > Cq

| N o~

I =

I

: encoﬂcl encl

i An === r ay

i |
c! | €1 -
= B

|

! Qg —)eo a

: BHCO encoLJcl

\:{ g g e
Co c > co Uy

Hence applying P(en, . ) to P(n,) F P(eg)(ty) < P(eq)(t;) gives
f(P) F (ag,ty) <g (a1, t;) <= P(cpUc) F P(enCO)(tO) < P(enc1>(tl)'
Hence

a(F(P)(C) E (ag, ty)(co) < (ay,ty)(e;) <= PlcgUcy) E Plen, )(t) < Pen, )(ty).
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Now let us define a natural transformation eafp: (a o f)(P) — P as follows: For

each semidendrogram C, eafp : (a o f)(P)(C) — P(C) is the map

eafp c((a,t)(c)) = Plen,)(t).

Then eafp - is an isomorphism: It is order-preserving since

(aof)(P)(C) F (ag,to)(co) < (ay,t1)(cy)
< P(cyUcy) F Plen, )(ty) < Plen, )(t;)

< P(C) F P(en, )(ty) < P(en, )(t,).

eafp ¢ is onto since for every u € P(C), if we let ¢ = supp5(u) and t = P(eny')(u),

then ([¢[, ) € Tr(P) and eafp o(([c], t)(c)) = u.
To see eafp is a natural transformation from a(f(P)) to P, let us observe that what
a(f(P))(f) should be for a semidendrogram morphism f: C' — C’: By definition of a,

we have
a(f(P))(f)((a,t)(c)) = (a, t)(fc])-

Hence for (a,t)(c) € a(f(P))(C),

P(f)oeafp o((a,t)(c)) = P(f)(P(en,)(t)) = P(f oen,)(t)
= P(eny)(t) = eafp p((a,t)(f[c]))

= (eafp o o a(f(P))(f))((a; t)(c)),

proving the naturality of eaf ,. However, we also need that eaf, - is natural also in P. To
see this, we claim that the following diagram commutes for every natural transformation

t: P — @ and a semidilator D:

a(f(P)(C) —e, q(5(Q))(C)

c lean Ke;

» Q(C)

P(C)

[Ze}
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For each (a,t)(c) € a(f(P))(C), note that a = ||d

, SO

eafg o (a(f(¢)c((a,t)(c))) = eafg (f(1)(a,t)(c)) = ean,D((@» Lel (t))(0)>
= Q(en,) (¢ (1) = to(Pleng) (1))
= 10(eatp o ((a,1)(0)) ).

here the linebreaked equality follows from Q(en,.) o ¢, = ¢ o P(en,) since t: P — Q

is a natural transformation. It finishes the proof. 0
Theorem 4.4.12. There is a natural isomorphism efa: ldgp, > — f o a.

Proof. Let us observe the structure of f(a(P)) for a 2-semiptyx P. Its field is

Tr(a(P)) = {(a,t) | a € SNat’ At € P(a) Asupp®P)(t) = a}

= {(a,t(a)) | a € SNat® A t € field(P) A arity” (t) = a}
and arity’ ®")) (a, t(Dec(a))) = a. For a 1-arity diagram I of the form (1.5),

f(a(P)) F (ag,to(ng)) < (a,t1(ny)) <= Play)F P(eo><to(a0>> < P(61)(t1<a1>>

< P(ay) F toleglag)) < ti(erfaq]),
and observe that Diag%(e0 lag], e1]aq]) = I, so
P(ay) F toleglag)) < ti(eraq]) <= PFEty <pty.

That is, f(a(P)) F (ag,to(ag)) <y (a1,t(ay)) < P E ty <y t,. Hence if we
let efap: P — f(a(P)) by efap(t) = (arityt, t(arity ¢)), then efap is a 2-semiptyx

isomorphism. The naturality of efa follows from an easy computation. [
Hence we have

Corollary 4.4.13. SP‘[yX2 and SPtyxﬁ are category equivalent. [
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Thus we can identify the two categories SPtyx2 and SPtyx.. Also, let us observe that,
like semidilator cases, the construction of f( P) does not require the whole P. In fact, we
can construct f( P) from the restriction of P to the category SNat” of natural semidilators,
a full subcategory of the category of 2-semiptykes. Hence we can construct a 2-semiptyx

not only from a whole F-2-semiptyx but also from its restriction to the SNat®.

Definition 4.4.14. An F-coded 2-semiptyx is a pair (P, supp), where P: SNat> — LO
is a functor and supp is a natural transformation with the support condition (1.4). If P is

positive and monotone, we say P is an F-coded 2-preptyx.

The previous proofs give the following corollary:

Corollary 4.4.15. If P is an F-coded 2-semiptyx, then we can construct a 2-semiptyx

§(P). If P is an F-2-semiptyx, thenf(P) = f(P | SNat’) and P = a(f(P | SNat®)). [
If P is positive, then P(a) = 0 for every a € SNat” \ Nat®. Hence we also have

Corollary 4.4.16. If P is an F-2-preptyx, then f(P) = §(P | Nat2) and P = a(f(P |
Natz)). That is, we can reconstruct the full 2-preptyx from its restriction to the category

of natural dilators. O

Like dilators, we can also discuss whether a given F-coded 2-semiptyx is recursive.

We also have

Proposition 4.4.17. Suppose that P is an F-coded 2-semiptyx that is coded by a (prim-

itive) recursive subset of N. Then §(P) is (primitive) recursive. [

4.5 Prime 2-ptykes

In this section, we classify prime 2-ptykes, a 2-ptyx with a single term.

Definition 4.5.1. A 2-ptyx P is prime if it has a unique term. The degree of P is the

arity of the unique P-term.
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Like prime dilators, we find a ‘priority permutation’ for a prime 2-ptyx, which is no
longer a permutation. A priority permutation assigns which component must be com-
pared first. The 2-ptyx analogue of the priority assignment assigns which node over a
dendrogram expression must be compared first. In the proof of Theorem 2.2.4, we pre-
pared subsidiary sequences c; over 2n, where n is the arity of the unique term in the prime
dilator. Before characterizing prime 2-ptykes, we define a predendrogram analogue of

n = 2n and c;:

Definition 4.5.2. Let C be a predendrogram. We define the duplication dup(C) of C
as a predendrogram defined as follows: The field of dup(C') is obatined from that of C'
by adding v for each u € C' and v € C' extending u (including u itself.) Informally,
the plus tree {v*" | v extends u} with root u will form a duplicated copy of a subtree
{v | vextends u} of root u in the dendrogram dup(C'), and we put the plus tree of root
u at the right side of the subtree of root u.

We define relations over dup(C') as follows:
1. C is a sub-predendrogram of dup(C'), so dup(C') respects every relation over C'.

2. If C' F u —o v, then dup(C) F u — v,

3. For u,v,w € C such that both v and w extends v and C' F v — w, dup(C) E
v — wt,

4. If C Fu < v, thendup(C) Fu <u™ < v < vt

5. For u,v,w € C such that both v and w extends v and C' F v < w, dup(C) E
vt < wt

6. If v extends u, wP(C) () = % (v).

We may understand the construction of dup(C') as follows: First, let us color the

current term part black. In level m, copy each black-colored v € C' and its successors

and put the copy just right of the original term. We color the copied term parts white.
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Figure 4.2: Square dendrogram

u+u
0 0
0
vty o o
/ \ 01 01 01 10 01
w wtw o o wty

Figure 4.3: Duplicated square dendrogram

For u € C, let u™ € dup(C) be the copy of u placed just right of u. Also, we denote

successors of u™ corresponding to v D u by v,

Example 4.5.3. Let us recall the natural dendrogram d isomorphic to the dilator X
X x X presented in Figure 3.1. We reintroduce its figure as in Figure 4.2 for conve-
nience, with a different labeling on nodes for a later purpose. Figure 4.3 represents the

duplication of the square dendrogram.

Definition 4.5.4. Let c be a natural predendrogram and u € c. We define ¢, , C dup(c)

as a subdilator isomorphic to ¢ given by
Coy={w|wechu—-*wU{w|wecAhw 4*u}.

Example 4.5.5. Let ¢ be the dendrogram representing X +— X x X provided in Fig-

ure 4.2. Recalling its duplication in Figure 4.3, we can represent C.,,, C..,» C. ,, a8 in

Figure 4.4.
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Figure 4.4: Examples of subdendrograms of Figure 4.3

Let us recall the details from Section 2.2: We tracked the priority order (equivalently,
the priority permutation) of a given term ¢ of arity m by comparing ¢(c;), -, t(c,,_1)-
The priority permutation can be arbitrary. It corresponds to the fact that Diag,, (c;,c;)
is not monotone if i # j. (See the proof of Theorem 2.2.4 for the definition of c;.)
However, unlike the previous case, Diag dup(c) (C, u»Ce,) can be monotone: We can see

c,u’ ¥c,v

c, v Yc,u c,u’ Cc,v) 1S

that Diag, = ., (C, s Ce,,) in Figure 4.4 is monotone. In general, Diag dup(c) (c
monotone when u is extended from v. It will come as a constraint on defining a prime 2-
ptyx from a permutation since if P = {¢} is a prime 2-ptyx of degree c and u is extended

from v, then we must have
P(c) Ei(c.,) <tlc,)

It shows that ‘priority permutations’ for prime 2-ptykes cannot be as arbitrary as priority
permutations for prime dilators. However, the following lemma says u o—* v is the only

case when the diagram becomes monotone:

Lemma 4.5.6. Let c be a natural dendrogram and u,v € c. Then Diag dup(c) (c

c,u)’ Cc,v)

is monotone if and only if u —* v.

Proof. Suppose that u o—* v. Then we haveen, (w) =en, (w)ifw of- v orw o w.

c,v

27



If wo—* vbut w of u,thenen, (w)=w <ygen, (w). Hence for every w € ¢, we
haveen, (w) <gg eng_ (w), proving the monotonicity of the diagram. Conversely, if
u of v, then we have en, (u) =u"™ > u = en; (u), violating the monotonicity.

]

We expect the following notion to characterize a prime 2-ptyx of given arity:

Definition 4.5.7. A finite (pre)dendrogram c is a priority (pre)dendrogram if the field of

¢ is equal to its cardinality |c|, and for every i, j < |c|, ¢ F ¢ — j implies i < j as natural

numbers.

As in priority orders, nodes with lower indices have higher priority. It is easy to see
that if ¢ is a priority dendrogram and ¢ F 7 —* j, then ¢« < j. It turns out that every

priority (pre)dendrogram c induces a prime 2-ptyx of degree |c|:

Example 4.5.8. Let c be a priority dendrogram. Let us define Prime, as follows: For a
given semidendrogram D, let us define Prime (D) be the set of every sub-predendrogram

of D isomorphic to ¢, i.e.,
Prime.(D) ={a €D | a = c}.

We equip Prime_ (D) with the order <_ given as follows. We first define, for two isomor-

phic finite predendrograms a and c,

en. =en oen.:c — a. 4.9
c,a a c

Then for two a, b € Prime (D) isomorphic to ¢, a <_ bif and only if i < |c| is the least
number such that en, (i) # en, (i), then D  en, (i) < en, (7). Note that for the
least i withen,, ,(7) # en, (i), either both en, ,(7) or en, (i) have length 0, or have the
same immediate predecessor: The immediate predecessor of f, (i), if exists, is en,. ,(j)
for some j < 7, soen, ,(j) = en, (j). From ¢ F j — i, we also have D = en_ ,(j) —

en, (). The support transformation is defined trivially, i.e., suppgimec(a) = a. For a
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semidendrogram embedding f: C' — D, we define Prime,(f)(a) = f[a]. We can easily
check the support condition of Prime,..

We can see that Prime,_ is a 2-ptyx. In fact, we can see that if D is a locally well-
founded predendrogram, then Prime_ (D) is well-founded. Suppose the contradiction that
Prime, (D) is ill-founded, so we have a,, € D (m € N)suchthatay, >, a; >, ay >, .

Let h,, = en : ¢ — a,, be the unique isomorphism from c to a,,, for each m. We

C\ay,
claim by induction on i < |c| that (h,, (i) | m € N) is eventually constant: Suppose
that either ¢ is a root in ¢, or ¢ F j —o 4 for some j < ¢, and we inductively have
that (h,,(j)) | m € N) is eventually constant. In the latter case, we may assume that
(h

m (7)) | m € N) is constant. In either case, we have

D E hy(i) = hy(i) = hy(i) > -,

and if (h,,(i) | m € N) is not eventually constant, then it contradicts the local well-

foundedness of D.

From the remaining part of this section, we prove the following theorem:

Theorem 4.5.9. Let P be a prime 2-ptyx of degree d. Then there is a priority

(pre)dendrogram c isomorphic to d such that P = Prime,..

Proof. Suppose that ¢ is the unique P-term of arity d. We define the priority predendro-
gram c by relabeling d as follows: First, let us enumerate d as {u, | i < |d|} in a way
that

P(dup(d) F 1(Cg,u,) > (040, > t(Cg,,) > .

Then define c in a way that the map u,; — ¢ is a predendrogram isomorphism from d to
c. Lemma 4.5.6 implies that c is a priority (pre)dendrogram.

We claim that for a semidendrogram D and a, b € D isomorphic to d,

P(D) Ft(a) < t(b) <= i <|c|[Vj <ilen,,(j) = en,,(j)] Aen, (i) <en,,(i)].
(4.10)
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Note that if a € D is isomorphic to d, then a € pos(D). Hence, we may assume that D is
a predendrogram. In the remaining part of the proof, we assume D is a predendrogram.

By linearity of P, it suffices to show the backward implication of (4.10). For a natural
predendrogram d, let ¢(d) be the height of d, or equivalently, the maximum length of
nodes of d plus 1. For each k < ¢(d) and a,b € D isomorphic to d, let N, ,(k) be the

number of u € d of length % such that en,, (u) >z en,(u). Then define

N,y = d|D7 N, (0) + D72 N, (1) + - + N, 4 (£(d) — 1), 4.11)

a

We may regard N, ;, as coding the tuple (N, ,(k) | k& < £(d)) in lexicographic order,
with the number of inversions at smaller lengths taking precedence.

We prove the backward implication of (4.10) by induction on N, ;. If N, = 0,
then en, (u) <yg en,(u) for every u € d, so P(D) F t(a) < t(b) since every 2-ptyx is
monotone. Since the right-hand side of (4.10) implies a # b, we have P(D) E t(a) <
t(b).

Now suppose that N, ;, > 0, and let ¢ witness the right-hand side of (4.10). Choose
I < |c| such that en, ,(I) >g en, (1), Ih°(l) is minimal among all nodes with this
property, and, among all such nodes of length 1h“(1), [ is the leftmost one.

We first make a few observations about /. The following two imply ¢ < [:

1. en, ,(j) = en,,(j) forevery j < i.

2. en, (i) <en, ().

Moreover, for every immediate predecessor I” of [ in ¢, we have en, ,(I") = en, ,(I'),
otherwise, en, ,(I) and en, ,(I) are <-incomparable: | —* i would imply [ < 4, and

i —* [ would imply en,. ,(7) < en_, (i), soen, ,(I) and en_ ,(I) are <-incomparable.
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enc,b(l)

en, (i) en, () N\ A
i

Figure 4.5: The construction of @ from a. We replace filled nodes and triangles
with hollow nodes and triangles to get a from a, with all other parts
unchanged.

Let us define @ € dup(D) isomorphic to d by specifying en. ;: ¢ — @ as follows:

enc,a(j)+enc’a(i) cFE j o—* i?
en. z(J) = 4 en. ,(J) ckEjo*l,
en, ,(j) otherwise.

(See Figure 4.5 for the illustration of @.)

We claim that @ is isomorphic to c. Since en, ,(I') = en,(l") forc F " — I,
replacing the subtree of en,. , (/) with the corresponding subtree of en,, (/) preserves the
predecessor relation. Furthermore, if ¢ F k£ < [ < m, then k is not an inversion, by the

choice of [. Hence
dup(D) E encya(k) < enab(k) < encvb(l) < encya(l) < enw(m).

Thus the replacement at [ preserves the local comparison order. The replacement at

also preserves the local order, since
dup(D) F en, (i) < en,, (i) ") < en, ().
Therefore @ is isomorphic to ¢. We claim that
P(dup(D)) E t(a) < t(@) < t(b).
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First, let us prove P(dup(D)) F t(a) < t(b). Letr = 1h“(l). By the minimality of In“(l),
N, (k) = 0 for every k < r. The modification of the subtree above i introduces no new
inversion, since the duplicated subtree rooted at enc’a(i)““c»a(i) still lies entirely to the
left of the corresponding subtree rooted at en,. (7). The modification above [ replaces
the a-subtree by the corresponding b-subtree. Hence Ny ,(k) = N, , (k) forevery k < r

a

and Ny ,(r) = N, ,(r) — 1. Therefore N5 ;, < N, ;.

Moreover, the same ¢ witnesses the right-hand side of (4.10) for @ and b: all coordi-

nates below ¢ are unchanged and

enc,ﬁ@) = enc,a(i>+enc’a(i) < enc,b@)‘

Hence, the induction hypothesis yields P(dup(D)) F t(a) < t(b), as desired.

It remains to prove P(dup(D)) F t(a) < t(a). Let us consider a predendrogram
morphism g: ¢.; Uc, ; — a Ua given by

* 9(j) =en.,(j) forc = j o= i.

* 9(5") = en o ()Ml for ¢ F j o

* g(j) =en.y(j) forc k= jo=" 1.

 g(j*") =en, 4 (j) forck jo—* L.

* 9(j) = en, ,(j) otherwise.
Then g is an isomorphism, g[c. ;] = @, and g[c,. ;] = a. Since i < [, we have
P(dup(c)) Ft(c, ;) > t(c.y)-

Applying P(g) yields P(dup(D)) E t(a) > t(a).
Finally, the inclusion D — dup(D) is a predendrogram embedding, and the induced
map P(D) — P(dup(D)) is an order embedding. Therefore P(D) E t(a) < t(b),

proving the backward implication of (4.10). 0
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As we did in Section 2.2, we have the following result:

Theorem 4.5.10. Let P be a 2-preptyx. For each t € field(P) of arity d, we can find a

priority (pre)dendrogram ¢ = w” (t) such that for every predendrogram D and a,b € D

isomorphic to wP(t), P(D) E t(a) < t(b) if and only if

i < |e|[Vj < dlen 4 (5) = en,p(J)] Aen, (i) <en,(1)]. -

4.6 The comparison structure of 2-preptykes

In this section, we further analyze the comparison between distinct terms of a 2-preptyx.
By the characterization of prime 2-ptykes in the previous section, each P-term s comes
equipped with a priority predendrogram m*’ (s). We want to associate with two distinct
P-terms s, t a number p*’ (s,t) which measures how far the arguments of s and ¢ have
to be compared according to the priority predendrograms m? (s) and m? ().

For predilators, the analogous number can be characterized by asking how many
initial arguments have to agree before the comparison between two terms becomes in-
dependent of the remaining arguments. For 2-preptykes, this description is no longer
sufficient. There are two additional phenomena, both caused by the fact that priority
predendrograms contain nodes which are not themselves genuine arguments of a term.

First, a node which is terminal in the arity of one term may correspond to a non-
terminal node in the arity of the other. Thus the agreement which is needed to analyze
the comparison may fail to be realizable by genuine arguments, even though it can be
realized after we temporarily ignore terminality.

Second, there is a stronger obstruction. Even after terminality is ignored, two initial
parts of the priority predendrograms need not admit a common realization. Identifying
two non-terminal nodes may force their immediate successors to have two different prior-

ity orders, which is impossible in a predendrogram. Consequently, at a given stage there
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are three possibilities: the comparison may still vary in both directions, it may already
have a fixed direction, or the required agreement itself may be impossible.

The following example illustrate the first two phenomena.

Example 4.6.1. Consider the evaluation ptyx P(D) = D(3). Its trace consists of 16

terms. We index them by the finite words without repetition over 0, 1, 2:
0, 0,1,2, 01,02,12,10, 20, 21, 012,021,102, 120, 201, 210.

We denote the term corresponding to a word p by 7,,. The word p records two kinds
of information simultaneously. Its letters specify which elements of 3 are substituted
into the underlying dilator term, while their order records the priority order in which
these arguments are compared. More precisely, if p = (py, ..., p,,_1), then 7, has arity
Primeq(,), where std(p) is the permutation of n obtained by replacing the entries of p
by their relative ranks. Thus, informally, 7, takes a term ¢ of this arity and evaluates it
as t(pg, --- » 0,1 ) With the order of the letters of p simultaneously recording the priority
of the corresponding arguments.

For example,
arity(7,5) = Prime,, arity(7,,) = Primey,.

This single example already exhibits two different difficulties which arise when we
try to analyze the comparison between two distinct 2-preptyx terms.

First consider 7 and 7. The priority predendrogram of 7 consists of a terminal
root, while the corresponding root in the priority predendrogram of 7, is non-terminal.
Hence there is no ordinary diagram in which these two roots are identified: an ordinary
predendrogram morphism must preserve terminal nodes.

Nevertheless, this is precisely an identification which we want to consider when ana-
lyzing the comparison of the two terms. If D F x, — z; and z is a root, then z, cannot

literally be substituted into the nullary term 7, since it is non-terminal. By temporarily
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Figure 4.6: Arities of 7,5 and 7

ignoring terminality, however, we may regard the two terms as if their first priority nodes
agreed. Passing to the completion of D then supplies a hidden terminal copy of z,, and
the resulting comparison is well-defined. This is the basic motivation for introducing
ostensible diagrams.

There is, however, a second phenomenon which ostensible diagrams do not remove.
Consider the two terms 7, and 7. Both first inspect the argument 1. Figure 4.6 illus-
trates the arity of 7,5 and 7 respectively, which are Prime; and Prime, respectively.
The roots have empty priority order, and the two copies of the node of level 1 have the

unique priority order on one element. At the next level, however,
wmeor (v, ) = (0 < 1), mPimeio(y ) = (1 < 0).

We can identify the roots and realize the two copies of u as distinct immediate suc-
cessors of the common root. Their local order may be chosen in either direction. Conse-
quently, after the first priority node has been identified, the comparison between 7,5 and
Ty can still vary in both directions.

On the other hand, the two copies of u cannot themselves be identified, even in an
ostensible diagram. If they were identified, the images of v, and v_ would be immediate
successors of the same node, and hence would have to carry the same priority order. This
contradicts (0 < 1) # (1 < 0).

Thus two different obstructions have to be distinguished. In the pair 7, 7), the desired

agreement fails only because one of the corresponding nodes is terminal, and it can be
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recovered by passing to an ostensible diagram and then to a completion. In the pair
Ti9, T10. the agreement cannot be extended because the two terms demand incompatible

continuation priority orders.

The previous example shows that it is not enough to ask for the least p such that
agreement of the first p arguments gives a fixed comparison. We must also keep track
of whether such an agreement can be realized at all. Accordingly, for two terms s,
and a natural number p, we will consider the set of comparison directions realized by
p-congruent ostensible diagrams. Such a set may have two elements, one element, or no

elements:

* two elements mean that the comparison can still be changed in either direction;

* one element means that the comparison has stabilized;

* the empty set means that the prescribed ostensible agreement is itself impossible.
The comparison depth p%’(s, t) will be defined as the first stage at which one of the latter

two situations occurs.

Now we define ostensible diagrams as we promised.

Definition 4.6.2. An ostensible 1-arity diagram is a diagram of the form

dn ----- y dy
o= | (4.12)
dy 55 dy

such that every predendrogram occurring [ is natural, and ]I is a pullback and ran e, U
rane; = d,,, but both e, and e; can be quasimorphisms. (In particular, e, and e; may
not respect terminal points. For two terms s, t of a 2-preptyx P, we say [l is an ostensible
1-arity diagram for s and t if d; = arity s and d, = arity ¢.

Similarly, we define an ostensible 1-1U diagram by mimicking Definition 4.1.3, but
we allow every morphism to be a quasimorphism, with the same pullback and union

conditions, but allowing every predendrogram morphism to be a quasimorphism.

36



Definition 4.6.3. Let D be a predendrogram and a, b C D be predecessor-closed subsets
of D (Thatis,ifz € aandy — x, theny € a, and the same for b.) We define Diag ,, (a, )

as an ostensible 1-arity diagram isomorphic to the following commutative diagram:

Similarly, for a predendrogram D and predecessor-closed subsets a, -+, a,,_; C D, we

define Diag ,(ag, -, a,, 1) as an ostensible 1-IU diagram isomorphic to the inclusion

diagram generated by ay, -, a,,_;.

Then we unravel the hidden points in an ostensible 1-arity diagram by taking the

completion:

Definition 4.6.4. For an ostensible 1-arity diagram (4.12), we define a new arity diagram
I by
II" = Diag,_(ran(ej o cem, ),ran(ej o cem, ))

where ¢ = ran(ej o cem, ) Uran(ej ocem, ). Similarly, for an ostensible 1-IU diagram

I for m objects, we define
o= DiagRoumuRm,l (Ro, s Rpp1),
where T=0V1V--V(m—1)and
R; = ran(H(i, T)* o cemy;)) C J(T)".
Note that " is an ordinary 1-IU diagram. Indeed, for each i < m,
A(i, T)* o cemp; = A(i) — A(T)*

is an ordinary predendrogram morphism. Hence, after identifying [I(7) with its range R,
the inclusion R, — U].<m R; is again an ordinary predendrogram morphism. In partic-

ular, if a point is terminal in [?;, then it is already terminal in the ambient predendrogram
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(T)*, so adjoining the other ranges cannot introduce a new successor below it. Thus
the inclusion diagram generated by R,,---, R,, ; satisfies the requirements of a 1-IU

diagram.

Lemma 4.6.5. Let [1 be an ostensible 1-1U diagram with m objects. For any i,7 < m,
ACli, 5] = (i, )"
Proof. Again,let T =0V -V (m —1). Write
S; = ran(J{(i,i V j)* o cemy;), S; = ran(I(j,iV j)*" ocemy ;).
Then (1[i, j])" = Diagg 5 (S;,S;) . On the other hand, if
R, = ran(JI(¢, T)* o cemp ) (L < m),
then I1"[7, j] = Diag R,UR, (R;, R;). By functoriality of completion,

AV g, T) o A, iV j)* o CeMp;) = (i, T)* o CeMpy4),

and similarly for j. Hence the predendrogram embedding JI(i V j, T )* maps .S, onto R,

and S, onto R;. It induces an isomorphism
Diagsiusj(siv Sj) o DiagRiuRj(Ri, Rj),
and isomorphic 1-arity diagrams are the same, as desired. 0
Then we have the following.

Proposition 4.6.6. Let P be a 2-preptyx, s,t,u € field(P), and [ be an ostensible 1-1U
diagram fwith the same pullback and union conditions, but allowing every predendro-
gram morphism to be a quasimorphism.or s, t, and u. If P F s <ppo 1+ t <pp1 91

then P E s <H[072]* Uu.
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Proof. By Lemma 4.6.5, I'[0,1] = [[0,1]* and I"[1,2] = [[1,2]*. Hence P F
s <gjo,1] t <m1,2) - Since I is an ordinary 1-1U diagram, the transitivity condi-
tion for P gives P I 5 <j(g o u. Again by Lemma 4.6.5, T'[0, 2] = [T[0, 2]*, and so

PE s <goqp u. O

Definition 4.6.7. Let P be a 2-preptyx and s,t € field(P). Let p,, <

min(|m”(s)|, |;?(¢)|) be the largest natural number such that

1. Forevery i,j < P, mwh(s) Fi — jiff w7 (t) £ i — j. In particular, for every

i < Pyp 0™ (i) =10 (i),
2. Foreveryi,j < p,,, mw'(s)Fi<jiff mP(t)Fi<j.

3. Forevery i < Py, n™ $) () = ™ B (5).

That is, p, , is the largest natural number p such that the restriction of nf(s) top
is equal to the restriction of 1’ () to p, possibly except the set of terminal points. We
say an ostensible 1-arity diagram ]I for s and ¢ is p-congruent (relative to s and t) if
e oen b, (i) = e oen b, (i) holds for every i < p. (Note that dy = m”(s) and

1 = " (t) by the assumption on [I.) Then we say p < p, , is secure (relative to s and
t)if PFE s < t holds for some p-congruent ostensible [1, then P F s < ot holds for
every p-congruent ostensible [I. In other words, the validity of P F s <p- t does not

depend on the choice of a p-congruent ostensible /1.

As we did in Section 2.3, we prove that a secure number relative to s and ¢ exists by

showing the following:
Theorem 4.6.8. p, , is secure.

- - - — P — =P 5 | —
Proof. For notational convenience, let us write 7, = w and w, = m; . If p, , = |7 | <

|7, |, then we have a predendrogram quasimorphism h: d, — d; given by

h(en; (i) = en; ! (i).

T
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Furthermore, if /1 is a p, ;,-congruent ostensible 1-arity diagram for s and ¢ of the form

(4.12), then we have e; = e; o h and e; = e] o h*. Then we have

PEs<pt <= P(d))F s(ranejocem, ) < t(ranej ocem, )

< P(d}) F s(ranh* o cem, ) < t(rancem, ),

and the last sentence is independent of a p, ,-congruent JI. Hence p, , is secure relative
to s and t. The case p,, = |m;| < |m,] is analogous, so let us consider the case p, , <
min(|r|, |m,|). Note that s # ¢ in this case since p, , = |m;|. The case where there
is no p, ,-congruent ostensible diagram is trivial, so we assume that there is some such

diagram. For notational convenience, let us write p = p, ;. Now suppose that

df, ----- > dy
o= et (4.13)
dy -==7-» d},
€o

is another ostensible p-congruent 1-arity diagram with respect to s and t. We will claim

that P F s <+ ¢ implies P F s <gy t Observe that the p-congruence of [T implies

Vi < Dleg o en, 4 (i) =ej o en, 4 (1)].

The next claim says we can join d, and d/, in a way that their intersection is isomorphic

to a predendrogram isomorphic to 7, [ p = 7, | p, and the pth nodes differ in size.

~

Claim. Let C = n, | p = 7, | p. Then we can find a new predendrogram D and
embeddings h: d, — D, h’: d{, — D such that the following diagram commutes.

(Here, the dashed arrows are quasimorphisms, and not morphisms in general.)

egoeh 4 ,
___________ )
I
n
€o°CNr 4 ! lh/
hd
—>
U - D

Furthermore, h and h’ satisfy
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1. DE W (ejoen, 4 (p) <h(egoen, , (p)).and

2. DEh(ejeeny 4 (p)) <h'(eyoeny 4 (p)).

Proof. Letc =eyoen, 4 [ Candc’ =ejoen, , | C. By congruence, these are
also the maps induced by e; and e/, respectively. We first verify that ¢: C' — d, and
¢’ C' — d], satisfy the compatibility condition for predendrogram amalgamation.

Let i < p, and suppose d, F ¢(i) — x and d/, F ¢’(i) — x’. Since d, = ran(e;) U
ran(e; ) and d/, = ran(e;) Uran(e] ), the points = and «” arise from immediate successors
of the ith nodes of 7, or 7,. If both 7, and 7, have immediate successors at the ith node,
their priority orders must agree since I is p-congruent and their images are immediate
successors of the same point of d,,. Hence, in every case, % (x) = 1% (z’). Moreover,
c(i) is terminal in d, exactly when the ith nodes of both 7, and 7, are terminal. The
same characterization holds for ¢’(7) in d{,. Thus ¢ and ¢’ also satisfy the terminal-point
condition required for a proper amalgamation. Hence Theorem 3.3.11 applies and gives
an amalgamation in which the two copies of C' are identified and the maps from d , and
d/, are embeddings.

It remains to choose the local orders in the amalgamation. Set

ca=egoen, 4 (p),b=ce oen, 4 (p), and
ca =¢)o enﬂwdo(f)), b’ =ejoen, 4 (p).

We describe more precisely the positions of these four points relative to the common
copy of C'. Suppose first that the pth node of 7, is a root. Then a and a’ belong to the
local linear orders of roots, and the roots belonging to C' determine a initial segment in
each of these orders. Since the embeddings of C' agree, a and a’ determine the same
initial segment over C.

If the pth node of 7, is not a root, let i < p be its immediate predecessor. Then a and

a’ are immediate successors of the common image of the ith node, and the immediate
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successors of this node which belong to the common copy of C' form a common finite
suborder. Again a and o’ determine the same initial segment in this common local order.
The analogous statement holds for b and b’.

We claim that, whenever a and b belong to the same local order, the initial segments
determined by a and b over C' are distinct. Indeed, suppose otherwise. Then the pth nodes
of 7, and 7, are either both roots or have the same immediate predecessor, and they have
the same comparison relation with every earlier node in the corresponding local order.
Moreover, their priority orders agree: if they have the same immediate predecessor, this
follows from the definition of a predendrogram, while if they are roots, both priority
orders are the unique linear order on 0. Hence 7, and 7, agree, up to terminality, on
their first p + 1 nodes, contrary to the maximality of p.

Consequently, if the two pairs occur in the same local order, the initial segments de-
termined by a, a” and by b, b” are distinct. If they occur in different local orders, the two
choices below are independent. By inspection of the proof of Theorem 3.3.11, the two
amalgamands may be interleaved independently inside each initial segment of a com-
mon local order, subject only to preserving the local orders already present in the two

amalgamands. We may therefore choose the amalgamation so that

W(a)<h(a) and  h(b) < K (). O

We are ready to prove that p is secure. Given the amalgamation in the previous claim,

we have

* (' oep)(en, 4 (i) = (hoey)(en, g4 (i) foreveryi < p,and
* (W eeg)leny 4,(p)) < (heeg)lens 40 (P)).

This implies
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* (W oep) ocemy (en, 4 (i)) = (hoey)*ocem, (en, , (i) foreveryi < p,and
* (h'eeg)"ocemy (eny 4, (D)) < (hoeg)” ocemy (eny g (P))-

Hence by Theorem 4.5.10, we have

P(D*) F s(ran(h’ o ej)* o cem, ) < s(ran(hoeg)* ocem, ).
Similarly, we have

P(D*) F t(ran(h o e)* o cem, ) < t(ran(h' oe})* ocem, )
Hence we have

PrEs<pt
< P(d}) F s(raneg o cem, ) < t(ranej o cem, )
<= P(D*) F s(ran(hoey)* ocem, ) < t(ran(hoe;)*ocem, )
= P(D*) F s(ran(h’ o ej)* o cem, ) < t(ran(h’ o e})* ocem, )
<= P((d},)*) F s(ran(ej)* o cem, ) < t(ran(e})* o cem, )

<:>Pl=s<( . .

)
Since JTand JT” are arbitrary p-congruent ostensible 1-arity diagrams, we have the desired

result. O

Hence, we can define the following:
Definition 4.6.9. For a 2-preptyx P and two different P-terms s and ¢, let p*’(s,t) be
the least secure number relative to s and ¢. Then we define

. 65 , = 0if there is no p?’(s, t)-congruent ostensible 1-arity diagram for s and t,

. &?5 ¢ = +1if P F s <y- t holds for every (equivalently, some) p? (s, t)-congruent

ostensible 1-arity diagram I for s and ¢, and
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P .
° gs,t

:= —1if P F s >+ ¢ holds for every (equivalently, some) p’ (s, t)-congruent

ostensible 1-arity diagram /I for s and .

Note that, by definition of p’(s,t), for ¢ < p%(s,t), we can find ostensible 1-arity

diagrams [T and 7K such that P = s <p- t and P F t <y s. Also, we can easily get
p"(s,t) =p”(t,s) and e, =—¢f,.

We also have p”(s,s) = |mZ’| by Theorem 4.5.10. As like predilators, %, p*’, and

eP completely determine the structure of a 2-preptyx P.

Theorem 4.6.10. Let P be a 2-preptyx and D be a predendrogram. For s,t € field(P)
and a,b € D with a == arity s, b = arity t, we have P(D) F s(a) < t(b) if and only if

either
Len, p (i) = engeg (i) for everyi < p¥(s,t) and ey = +1, or
2. There is j < p¥'(s,t) such that en_r g ,(i) = enr (i) for every i < j and
ey r (s () < engr,())

Proof. It suffices to prove the backward implication of the theorem. Observe that if the
first p©’ (s, t) arguments of a and b agree, then the diagram induced by a and b witnesses
551& = 41, so there is no need to consider the case 6£t = 0.

Suppose that the first disjunct holds. In this case, Diag (a, b) is p*’(s, t)-congruent,
so e, = +1 implies P F s <py, (44 ¢, Which implies P(D*) F s(rancem,) <
t(rancem,). We can see that rancem, and rancem, are images of a and b under
cemp: D — D* sowe get P(D)E s(a) < t(b).

Now suppose that the second disjunct holds. Then the witnessing j is not secure, so

there is a j-congruent ostensible 1-arity diagram

dn ----- » dy
o= | (4.14)
dy 55 dy



for s and ¢ such that P F s <j- ¢. Note that ||la| = |x”(s)| = dj and |b]| = |=”(¢)] =
d.

Claim. Let C = w”(s) | j. We can find a finite predendrogram E and embeddings
h:aUb — E, h':d, — E such that the following diagram commutes, where the
dashed arrows are quasimorphisms:

enmP(S) a []

C - iy aUb
co%en, )00 I (4.15)
dU T) E

Furthermore, we have

e FE h’(enmp(s),a(j)) < h(eyo enmp(s)’do(j)),

* EFh(ejoengry q (4) < h/(engey ()

Proof. 1Its proof is more or less similar to that of the Claim in the proof of Theorem 4.6.8.
We first claim that the two dashed arrows in the diagram (4.15) satisfy the hypotheses
of Theorem 3.3.11. Indeed, at every node of C, immediate successors coming from
m, and 7, have the same priority order whenever both exist, since both diagrams are j-
congruent. Furthermore, the image of a node of (' is terminal in either union exactly
when the corresponding nodes of both 7, and 7, are terminal.

Now let
d ms = enﬂsya(j>’ 'rt = enﬂ'mb(j)’ and
° y,s - 60 © Cn7r57d0 (])’ yt = 61 © enﬂ-t’dl (j)

We have a U b = z, < x, by the assumption. Also, since j < p?’(s,t), the four nodes
T4, Ty, Yg, Y, have the same initial segments of the corresponding local order over the
common copy of C'. By inspecting the proof of Theorem 3.3.11, we can amalgamate
aUband d into E in a way that, if h: aUb — Eand h': d, — E amalgamate the two

predendrogams, then £ F h/(y,) < h'(y,) and E + h(z,) < h(z,). N
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Let us go back to the main proof. By the choice of j, h, and h’, we have the following

two:
1. Forevery i < j, we have h(eqoen r) 4 (i) = h'(engr(g o(7)).
2. h(eO °CNyP(s).d, (])) > h/<en‘mp(s),a<j>>'

Then we can see that

(h © 60)*(Cemd0 ° enmp(s),do <Z>) = (h, © endo,a)*(cemdo ° enmp(s),do <Z>)

for i < j as follows: For notational convenience, let z = en_r(y) 4 (¢). Then

(hoeg)*(cemy (z))
= (hy o eg)*(z) = (hoey)(z), x€termdy <> (hoey)(z) € termE

(hoey)(x)", otherwise.

Similarly,

(R eeny o) (cemy () = (b o eny )" (2)

(h'oeny o)(x), z€termdy <> (b oeny ,)(z) € term E

(k" oeny ,)(x)*, otherwise.

But we know that (hoeg)(x) = (h'oeny ,)(x). Hence, the conditionals in each equality

coincide, and we get the desired equality. We also have

E*F (hoeg)*(cemy oen r( 4 (7)) > (b ceny ,)*(cem, oen rq .(4)),
so Theorem 4.5.10 implies

P(E") F s(ran((h")" o enj_,ocem, )) < s(ran(h” o ejocemy )).
By a similar argument, we also have

P(E*) F t(ran(h* o e o cem, )) < t(ran((h')" oenj ,ocem, )).
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From P E s <y T, we have
P(E*) F s(h*[ranef o cem, |) < t(h*[rane] o cem, ]).
In sum, we can deduce
P(E*) F s(ran((h')" o eny , ocem, )) < t(ran((h’)* oenj ,ocem, )).
This readily implies
P((aUb)*) F s(ran(eny ,ocem, )) < t(ran(enj ,ocem, )).

We have ran(en; ,ocem; ) = rancem, = cem,[a] and ran(enj ,ocem; ) =
rancem, = cem, ,[b]. Hence we have P(a Ub) F s(a) < t(b), which is equivalent to

P(D) E s(a) < t(b). N
The following lemma has a focal role in the latter proofs.

Lemma 4.6.11. Let P be a 2-preptyx, let s,t € field(P), and let ¢ < p¥(s,t). If 11
is a g-congruent ostensible 1-arity diagram for s and t, then II" is g-congruent. More

explicitly, if

d ----- » dy
H = i 561 )
dy —=z5-> dy
then, for every i < q,
(e cemy, ) (en,p 4, (1)) = (€} o cemy, )(enr 4. (0)). (4.16)

Proof. Suppose otherwise, and let 7 < ¢ be least such that
(eg o cemy )(enyr 4. (7)) 7 (€ o cemy )(en,.p 4 (7).
Since [l is g-congruent, before taking the completion we have
y = eglenyr 4, (1)) = ey(enyp g (7).
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Thus, the two completed images can be different only because the corresponding i-th
nodes of m® and ! have different terminal status. More precisely, one of these nodes
is terminal in its arity, and the other is nonterminal. In the completion, the nontermi-
nal occurrence is sent to the original point y, whereas the terminal occurrence is sent to
its terminal copy y*. By the definition of completion, y < y*. Consequently, the or-
der between the two completed ith arguments is determined solely by which of the two
corresponding nodes is terminal. Notice that this terminality information belongs to the
arities w!” and 7w} themselves and is therefore independent of the choice of an ostensible

arity diagram. Moreover, by the minimality of ¢, for every j < ¢ we have

(eg ocemy )(enyr 4 (7)) = (€] ocemy J(enyr 4 (7))

Since [ is g-congruent, the corresponding nodes before completion already have the
same image. Hence the corresponding jth nodes of w! and ! must have the same
terminal status for every j < 1.

Now let 2K be any (i + 1)-congruent ostensible 1-arity diagram for s and ¢. For every
J < 1, the corresponding jth nodes have the same terminal status, so their common image
in 2K remains common after completion. At the index ¢, however, the corresponding
nodes have different terminal status. Hence their common image, say z, is separated
by completion into z and z*, with z < z*. Therefore, the first difference between the
completed arguments of s and ¢ occurs precisely at index ¢, and its direction is the same
for every (i 4+ 1)-congruent ostensible 1-arity diagram.

It follows from Theorem 4.6.10 that the comparison between s and ¢ is independent
of the choice of an (i + 1)-congruent ostensible 1-arity diagram. Hence ¢ + 1 is secure
relative to s and ¢. By the definition of p*’(s, ) as the least secure number, p*(s,t) <

i + 1. On the other hand, i + 1 < ¢ < p¥'(s,t), which is a contradiction. O

The following proposition characterizes the case 55 . = 0.
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Proposition 4.6.12. Let P be a 2-preptyx, s,t € P. Then we have the following:
1. Ifel, =0, then p”(s,t) > 0.

2. Now suppose that p = p* (s, t) > 0. Then the following are equivalent:

Proof.

(a) ef’t = 0.
(b) In both of w¥ and w?P, (p — 1) is a non-terminal node and spr™ (p — 1) #

spr”f(p —1).

Here, the successor priority spr”(z) for a predendrogram D and a non-terminal

. D .
node x € D is m, for any extension y o— .

1. Suppose that p¥’(s,t) = 0. We can find an ostensible 1-arity diagram with

empty pullback, so £, # 0.

2. For the right-to-left direction, we cannot amalgamate " and ! with two copies

of (p — 1) agree; otherwise the common image of (p — 1) would have immediate
successors coming from the two arities with different priority orders, contradicting
the predendrogram axioms. For the left-to-right direction, we prove the contrapos-

itive. We have either

e (p—1) is a terminal in at least one of w? or ?, or

« (p— 1) is not a terminal, and spr™ (p — 1) = spr™ (p — 1).

We have the amalgamation conditions for i < p — 1 both in w? and m?: If i <
p—1,theni+1 < p = pP(s,t) is not secure, so we can find an (i + 1)-congruent
ostensible 1-arity diagram. This diagram identifies two copies of i from m? and
n !, so they have the same successor priority dendrograms if 4 is non-terminal in
both % and m!. Also, in either case, we also have the amalgamation condition

for (p — 1). Combined them with p¥(s,t) < p, ,, we can amalgamate 7.’ and

n! up to p to form an ostensible 1-arity diagram witnessing 55 ;= +1. [
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Like the predilator case, pP has similar constraints.

Proposition 4.6.13. Let P be a 2-preptyx. For s,t,u € field(P), we have p¥ (s, u) >

min(p” (s, t), p?(t,u)).

Proof. Put r = min(p®(s,t),p"(t,u)), and let p < r. We show that p is not secure
relative to s and u. Since p < p%(s,t), p is not secure relative to s and ¢. Hence there
are p-congruent ostensible 1-arity diagrams I, and II_ such that P F s <gp t and
P FEt <jp s. Similarly, since p < p¥ (t,u), there are p-congruent ostensible 1-arity
diagrams 7K, and K_ such that P = ¢ <y wand P F u <y t. By Lemma 4.6.11,
the completed diagrams I[i and XK, are still p-congruent. Moreover, they are ordinary
1-arity diagrams. Hence we can consider the following amalgamation maps f, and f;

making the following diagram commute:

)1* 17 *
(arity t)* Bt XKL(0V1)
>K+(0,0\/1)§ lfl
T(0vV1l) — D
fo

Note that (1) = K(0) = arity ¢. Then consider the ordinary 1-IU diagram

I, = Diag,, (fo[IL(0)], folIL (1)), f1[2K] (1))
By construction, 1" [0, 1] = I, and T [1,2] = K. Hence
PFEs < [0,1] t <, W

sowe get P F s <gto,2) U

Now we claim that H+[O, 2] is p-congruent. Leti < p. Since I[i is p-congruent,
the ith nodes of m! and ! have the same image in [T . (0V 1). Likewise, since K s
p-congruent, the ith nodes of r; and 7’ have the same image in K (0 V 1). The two
copies of the ith node of 7! are identified in the amalgamation over arity(¢). Hence the

ith nodes of w?” and m? have the same image in D. This proves the claim.
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Applying exactly the same construction to JI" and K", we obtain a 1-IU diagram
J1_ with three objects such that [T_[0, 2] is a p-congruent ordinary 1-arity diagram for s
and u, and P F u <y (9 s. This shows that p is not secure relative to s and u. Thus

p < pP(s,u) for every p < r, as desired. O

Now let us examine the properties of . Unlike the dilator case, the possibility

eP = 0 makes the relation given by
s<l't < 65 .= +1

no longer a partial order. In particular, the relation <* is no longer transitive. However,
we will see later that we can still extend <* into a linear order by showing that this

relation has no cycles.

Proposition 4.6.14. For s,t,u € field(P), suppose that 65 . = el = +1. Then

tyu
el # —1and p”(s,u) = min(p”(s, 1), p" (t,u)).
Proof. One direction of the inequality was shown in ??. Hence we prove from the as-
sumption that e2, = +1 and p”(s,u) < min(p” (s, ), p”' (¢, u)) hold.

Let p = min(p?’(s,t), p¥'(¢,u)). For a p-congruent ostensible 1-arity diagram [I for
s and u, we claim that P F s <p- u, proving both the inequality and 55 + = +1. To ease
the proof, we move our attention from P to P (Qi) as follows: Let [l be a p-congruent

ostensible 1-arity diagram of the form (4.14), and ¢: d, — Q, be a predendrogram

morphism. Then P = s <p- u is equivalent to
P(Q)) E s(ran(coey)* o cem, ) < u(ran(coe;)* o cemy ).

Now let @ = ran(¢ o e;) and ¢ = ran(¢ o e;). a and ¢ may not be subpredendrograms of
Q, since their terminal points may not be terminal points of Q. Still, they form subsets
closed under predecessors. If we let ¢,: a — Q, and ¢,: ¢ — Q, be the inclusion

quasimorphims, then P = s <j- u becomes equivalent to

P(Qy{) F s(ran¢) o cem,) < u(ranc) o cem,).
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Moreover, we also have en () ,(i) = engr(,) (i) forevery i <p < p?(s,u). Now,

let us divide the cases:

1. Suppose that p = p”’(s,t) = p” (¢, u). By the w-homogeneity of Q,, we can find
a predecessor-closed finite subset b C Q, such that b = arity t and en r(,) , (i) =
enyp(y) (i) for every i < p. Hence Diag,, (a,b) and Diag,, (b,c) become p-

’ 1 1

congruent ostensible 1-arity diagram. Hence Theorem 4.6.10 with the assumption

el, =ef, = +1 implies
P(Q]) E s(ran¢} o cem,) < t(ranj o cem,) < u(ranc} o cem,). 4.17)

2. Now suppose that p = p(s,t) < p¥(t,u). By the w-homogeneity argument,
let us find a predecessor-closed finite subset b C Q, isomorphic to arity ¢ such
that en r,) , (1) = enyr , (i) forevery i < p and en, ry) ,(p) < engr(, .(p)
over Q,. (4.17) still holds in this case; The first inequality is witnessed by that
Diang (a,b) is a pP'(s, t)-congruent ostensible 1-arity diagram and e, = +1.

The second inequality is witnessed by the second case of Theorem 4.6.10.

3. Now suppose that p(s,t) > p?(t,u) = p. We can find a predecessor-closed
finite subset b C Q, isomorphic to arity ¢ such that en, () ,(i) = enyr(,) .(7)

for every ¢« < p and enmp(s)va(p) < enmp(w’b(p). We again have (4.17).
Hence, in all possible cases, we get the inequality. [
The ultrametric p” allows us to classify terms into cells. We use the following equiv-

alence relation:

Definition 4.6.15. Let m be a natural number, P a 2-preptyx, and s,t € P. We define

s=bt <« [s=tVvpl(st)>m).

m

One can easily see that is an equivalence relation; the transitivity of =, , follows

—m

from the triangle inequality. These equivalence classes will later form the cells in the
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2-predendrogram representation. The next proposition shows that the comparison data
of such a class with terms outside it do not depend on the choice of representative.

Proposition 4.6.16. Suppose that P is a 2-preptyx, s,t,u € P, andp¥ (s,t) > pF(s,u).

P

s,u*

Then p*(t,u) = p”(s,u) and ef,, = ¢
Proof. Let ¢ = p¥(s,u). Then we have

p?(t,u) > min(p”(t,s),p’(s,u)) = q.

If p©(t,u) > q, then

q=p"(s,u) > min(p”(s,t),p"(t,u)) > g,
which is impossible, so p*’(,u) = ¢. Now we claim that

P _ P
€ty =0 & ¢ 0

s,u

This is clear when ¢ = 0, so suppose that ¢ > 0. From p”(s,t) > ¢, (¢ — 1) have the
same terminality in 7’ and 7!, Moreover, if (¢—1) is not terminal in 7’ and !, then
spr™s (¢ — 1) = spr™ (¢ — 1). By Proposition 4.6.12, we have that el =0iff (¢g—1)
is not terminal both in 1w¥’ and 7 ®, and spr™ (¢ — 1) # spr™: (¢ — 1). Now we can see
that this implies that (¢ — 1) is not terminal 7”, and spr™# (¢ — 1) # spr™ (¢ —1). The
other direction of the implication is analogous.

It remains to show that if 5,{?“ # 0, then e,fu = +1iff 55u =+1. If 55u = +1 but

ef’u = —1, so we have 55,5 = +1, then Proposition 4.6.14 implies
q < p”(t,s) = min(p”(t,u), p’(u,s)) =g,
a contradiction. The other implication follows similarly. [

We can state (4.6.16) alternatively as follows: If s = ¢ and s # wu, then
p”(s,u) = pP(t,u) < mand e, = &l ,. In particular, both p”(s,u) and I, are
invariant for =5 -equivalent terms. Hence, for two =7 -equivalence classes [s]_ p and

[t]=r, we can define
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The properties described in this section are precisely what is needed to define cell
decomposition of 2-preptykes. Unlike Girard’s original treatment, we shall not introduce
a separate abstract construction since the resulting cell decomposition provides a more
controllable combinatorial representation directly. The properties we have secured are
enough to describe the tree structure of 2-preptykes, but we need more examination to
determine the structure of children of a parent.

The next proposition describes how much of the priority predendrogram is deter-
mined by = . If two distinct terms are =! -equivalent, then their priority predendro-
grams agree through node m after terminality is ignored; moreover, their terminalities

agree strictly below node m.
Proposition 4.6.17. Suppose that s,t € P, s =L t, and s # t. Then, for everyi,j < m,
. nPEi—wjifnl Fi—j
2. wlEi<jifmP Ei<j and
¢ wy

T
3. m;° =m,

Moreover, for every i < m, the node i is terminal in 7wk iff it is terminal in m? .

Proof. Since s =L t and s # t, we have m < p”'(s,t) < p,, Hence (1)~(3) follow
immediately from the definition of p ;.

It remains to prove the assertion about terminality. Suppose, towards a contradiction,
that the terminalities disagree below node m, and let ¢ < m be the least index at which
they disagree. Since i +1 < m < p?(s,t), the number (i + 1) is not secure, and hence

there exists an (i + 1)-congruent ostensible 1-arity diagram [I for s and t.

In 1, let = be the common image of the i-th nodes, namely,
T = H<07 0V 1) © enmf,aritys(i) = )1(17 0V 1) ° enmf,arityt@)'
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By the minimality of ¢, completion preserves the agreement of all preceding nodes.
At node 7, however, one occurrence is terminal, and the other is nonterminal. Hence
completion represents the nonterminal occurrence by = and the terminal occurrence by
x*, with # < z*. The resulting direction depends only on which of mZ and ! has the
terminal i-th node, and is therefore the same in every (74 1)-congruent ostensible 1-arity

diagram. Thus (i + 1) is secure relative to s and ¢, a contradiction. O]

We now examine the comparison structure between the children of a fixed equiv-

alence class. Although the cell decomposition will be formally introduced later, it is

P

convenient to call an =2 -equivalence class contained in an =1

_;-equivalence class its
child. Thus, if A and B are distinct children of the same =’ ,-equivalence class and
s € A,t € B, thenp®(s,t) = m. Indeed, since s and ¢ belong to the same Eﬁb_l—class,
we have p©(s,t) > m — 1, while A # B implies p’(s,t) < m.

The following observation allows us to classify the children according to the behavior

of the (m — 1)-st node of their priority predendrograms.

Proposition 4.6.18. The following information is invariant for =L -equivalent terms s €

P, where m > 0:

1. Whether (m — 1) is terminal in m?®’;

2. If (m — 1) is nonterminal in ", the successor priority spr”g(m —1).

Proof. We can only consider the case when s # t and p¥(s,t) > m. The terminality
of (m — 1) coincides between w? and m? by Proposition 4.6.17. Now suppose that
(m — 1) is nonterminal in ! and !, In an m-congruent ostensible 1-arity diagram,
which exists since m < p?(s,t), the images of the (m — 1)-st nodes coincide. Since
both nodes are nonterminal, their immediate successors are mapped to children of this
common image. By the defining condition on priorities of siblings in a predendrogram,

these children have the same priority. Therefore spr™ (m — 1) = spr™ (m —1). [
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P

Fixan=; _

1-equivalence class ¢ for m > 0. By Proposition 4.6.18, children of C

can be classified as follows. Let

P

* term, consist of those children [S]Eﬁ for which (m — 1) is terminal in 7t .
* For each possible priority dendrogram , let mid,, . consist of those children [s]_ P

for which (m — 1) is nonterminal and spr™ (m — 1) = 7.

Every child of ¢ belongs either to term or to exactly one mid,. .. These classes describe

precisely where the comparison relation between children can fail to be defined.

Proposition 4.6.19. Let a and b be distinct = -equivalence classes of the same parent
¢, where m > 0. Then 85 , = 0 if and only if, for some priority dendrograms T %+ p,

a € mid; and b € mid,,.

Proof. Suppose that a = [s]_p and b = [t]_r. Then we have p?’(s,t) = m. Hence, by
Proposition 4.6.12, e£', = 0 if and only if (m — 1) is nonterminal in both /" and 7/’
and

spr™s (m — 1)  spr™ (m — 1).

By the definition of term, and mid, _, this is exactly the stated condition. [

c,T

There is also a fixed direction whenever one child is terminal at the relevant node,

and the other is nonterminal.

Proposition 4.6.20. Let a and b be distinct =T -equivalence classes of the same parent

¢, wherem > 0. If a € mid, . and b € term,, then 55,1; = +1

Proof. Again, leta = [s]_p and b = [t]_p, s0 pr(s,t) = m. (m — 1) is nonterminal
in ! and terminal in ;?. By Proposition 4.6.12, we have an m-congruent ostensible
l-arity diagram ]I for s and ¢. In its completion 1", if x is the common image of the
(m — 1)-th nodes before completion, then the nonterminal occurrence is represented by

x, while the terminal occurrence is represented by z*, and [I(0 V 1)* E z < z*. The
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comparison theorem therefore yields e, = +1. Since ¢ is invariant under the choice of

representatives, the result follows. ]
For distinct children a and b of the common parent for which gaP , 7 0, we define
P _
a<b < 5a7b——|—1.

The preceding propositions show that < is defined on every pair of children belonging

to term, U mid, . for any fixed 7. It turns out that < is linear over this set.

Proposition 4.6.21. Let c be an =, _-equivalence class, where m > 0. For every pri-
ority dendrogram T, the relation < is a strict linear order on term,Umid, .. Moreover,

every element of mid_ . precedes every element of term,..

Proof. By Proposition 4.6.19, any two distinct elements a, b of term, Umid,. , have
nonzero ¢, so exactly one of @ < bor b < a holds. It remains to verify transitivity.
Suppose that a, b,d € term, Umid, , and a < b < d. By Proposition 4.6.14, we have
65d € {0, +1}. However, we can exclude the case aid = 0 by Proposition 4.6.19, so we

have a < d. Finally, Proposition 4.6.20 gives a < b for a € mid, , and b € term.. [

4.7 2-Predendrograms

We finish this chapter with the 2-predendrograms, which must have formed a separate

chapter.
Definition 4.7.1. A 2-predendrogram is a structure (P, <, —, 1) satisfying the follow-
ing:

1. (P, —o) is a forest with the immediate successor relation —. Moreover, if —* is
the transitive closure of —o, then for each x € P, {y € P | y —* z} is finite and
well-ordered by —*. We call the size of {y € P | y —* x} the length or level of
x and denote it by lh(z).
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2. Forevery x € P, either x is a terminal point (i.e., z has no immediate successor)

or there is y such that x —* y and y is a terminal point.
3. The priority (1-)predendrogram m is a function of domain P. For each z € P,
n(z) = (Ih(z), <)) is a priority predendrogram of field lh(z). Moreover,
* z —o yimplies m(z) C m(y).
e If x and y have the same immediate predecessor, then 1 (x) = 7 (y). For a
non-terminal z € P, we denote by spr(z) the common priority predendro-

gram 1t (y) of the immediate successors y of =, which we will call the suc-

cessor priority of x.

4. The local comparison relation < is a binary relation over P. Moreover, the fol-
lowing sets are linearly ordered by <:
* The set of roots of P, i.e. elements with no immediate predecessor.
* For anode x € P and a fixed priority dendrogram 7, the set of y € P such
that P F y o— x, and either y is terminal or spr(y) = .

Also, the two nodes are <-incomparable when

* they have different levels,
* they have different immediate predecessors, or
* they are non-terminal and have different successor priority.

We also require that if both  and y have the same immediate predecessor, x is

non-terminal, and y is terminal, then z < y.

Like the 1-predendrogram case, term( P) denotes the set of terminal points of P. We also
define pred(z) as the —o-increasing enumeration of {y € P | y —* x} U {z}. pred(x)
is a sequence of length lh(x) + 1. If (z, -, z,, 1, ,,) is the sequence of predecessors

of z and | < m, we write z [ [ for z;.
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We can turn every 2-predendrogram into a 2-preptyx as follows:

Definition 4.7.2. For a 2-predendrogram P, let us define its functorization Fun(P) as

follows: For a 1-predendrogram C', we define Fun(P)(C') by the set of

<£L’0,CO,£E1, ”"xmfl’cmfhxm)

such that 2, -, z,, € P is a —-increasing chain with 1" (z;) = i, ,, is a terminal
point of P, and ¢y, -, c,,_; € C be such that the map ¢ — ¢, is a 1-predendrogram
morphism from ¥ (x,,) to D. We compare elements of Fun(P)(C) by the Kleene-
Brouwer order. For a 1-predendrogram morphism f: C' — D, we define Fun(P)(f)

by

<$Oa Cos L1y "y Tp—1s Cm—17$m> = <$07 f(CO)wTD L1 f(cm—l)a xm>'

Although the local comparison relation < of P is not necessarily a linear order on
all siblings, the Kleene-Brouwer order is still linear. This is because if two immedi-
ate successors ¥, z of the same node are incomparable, then both are non-terminal and
spr(y) #+ spr(z). Hence two realizations through y and z cannot agree on all preceding
parameter coordinates: otherwise the corresponding extensions of the common priority
predendrogram would be simultaneously realized over the same prefix. Thus the Kleene—
Brouwer comparison is decided in the parameter part before reaching the incomparable
pair y, z.

(P) 4

We also define supplg1I1 y

<.’130,CO,1U1,"' 7xm—17cm717xm> = {607017"'7cm71} g D.

One can see that Fun(P) is a Freund-style 2-preptyx. We can also define a cell

decomposition of a 2-preptyx as follows.

Proposition 4.7.3. For a 2-preptyx P, let us define its cell decomposition Cell(P) as

follows:
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1. Cell(P) = {[t]_p | t € field P A n < |arity ¢|}.
p o [t]zflﬁn:m—klandszf;t.
p <[tlpiffm=mn,s=)  tandel, = +1.

4. mCe]l(P) ([8]

For notational convenience, we assume that s =& 1 t holds for every s,t € P. Then

Cell(P) is a 2-predendrogram. Cell( P) satisfies the following:

1. [t)=p is terminal iff m = |arity t|.

2. For a non-terminal [t]_r, sprelP)([t]_p ) = mP(t) | (m +1).

—-m

Proof. We first check that the definitions of —, <, and 1 are well-defined. Recall that

—P

=,,_1, S0 — is well-defined.

s =P tiff s = t or p¥'(s,t) > m. Hence =7 refines
The local comparison relation is also well-defined by Proposition 4.6.16, and 1t is well-
defined by Proposition 4.6.17.

We now verify the axioms of a 2-predendrogram. First, (Cell(P), —) is a forest. Its

roots are precisely the = '-classes, and for m > 0 the predecessors of [s]_ P are

In particular, every node has a finite linearly ordered set of predecessors and
lhcen(P)( [s]=r) = m. Every node also has a terminal extension since [s]_p is a ter-

minal when m = |arity s|.

Cell(P) ( [

Next we verify the priority-predendrogram conditions. Clearly m S]Eﬁ ) =

n | misapriority predendrogram of field m. Now we claim that two nodes of the same

immediate predecessor have the same priority dendrogram. Suppose that [s]_ P = [t]_r,

m

so s =L t. By Proposition 4.6.17, we have m!" | (m + 1) = = | (m + 1), and so

Jm:Cell(P)([S] P )= wP (m+1)= mcell(P)<[t]:P ) = mf [ (m+1).

=m+1



It remains to verify the local comparison conditions. The first item of Proposi-
tion 4.6.12 immediately implies that the set of roots is <-comparable in Cell(P). More-
over, the second item of Proposition 4.6.12, Proposition 4.6.18, Proposition 4.6.19,
and Proposition 4.6.21 characterize when the two nodes are <<-comparable. Proposi-
tion 4.6.14 also implies that < is a linear order over the sets where two elements of the

set become <<-comparable. Hence Cell(P) is a 2-predendrogram. 0

Proposition 4.7.4. For a predilator morphism v: P — Q, if we define Cell(v) by

Cell(1) ([sl—r, ) = [u(s))_g.

=m

then Cell(1) is a well-defined 2-predendrogram morphism.

Proof. A 2-preptyx morphism ¢: P — () preserves arities, priority predendrograms, p,
and e. Hence s = tiff 1(s) =% 1(t), so Cell(¢) is well-defined and preserves the im-

mediate successor relation. Preservation of € gives preservation of <, while preservation

of priority predendrograms gives

mCM @ ([u(s)]_g) = mMPI([s]_p).

=m - m

Thus Cell(:) is a 2-predendrogram morphism. 0

Cell and Fun are naturally isomorphic in the sense that a version of Proposition 3.1.14

and Proposition 3.1.16 holds. Maybe add something here?

Example 4.7.5. Let us calculate the cell decomposition of the evaluation ptyx P: D
D(3). We can describe its terms explicitly. For a finite sequence p over 3 = {0,1,2}
with no repetition, let 7,, denote the term which evaluates a (Ihp)-ary dilator term by
substituting its arguments in priority order. We can apply a dilator term ¢ to 7, only
when ¢ is (lh p)-ary, and the priority order of its arguments agrees with the relative order
of the entries of p. More precisely, for every 7, 5 < lh p, the ith argument precedes the

Jth argument in the priority order of ¢ iff p; < p;. Hence we have
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1. 7, has arity Prime, which is the unique prime dilator with a nullary term.
2. Ty, Ty, To have arity Prime,, which is the unique prime dilator with a unary term.
3. Ty1» Toas Tio have arity Primeg,, and 7, 7o, To; have arity Prime,.

4. For p with length 3, 7, has arity Prime,,.

Now we calculate the term distance. Note that p”’(7,,, 7,) = |thcfp | = Ih(p) + 1. Now we
claim the following: let £ < min(lh p, 1h ¢) be the maximal number such thatp [ k= ¢ |
k, i.e., the first k entries of p and ¢ agree. We claim that pP(Tp, 7)) =k+1L1Ifm<E,
then consider the m-congruent 1-arity diagram [1 of 7,, and 7, obtained by identifying the
first m levels, differentiating the mth level, and putting the mth level for the arity of 7, on
the left, and the other on the right. We similarly obtain the m-congruent 1-arity diagram
7K, but swapping the node order at level m. Then we have P F 7, < 7, A 7, >% 7,
so p¥(7,,7,) > m.

Hence we have p” (7,,7,) = k + 1. We now prove the equality:

* Suppose first that £ < lhp and k < lh q. By the maximality of k, we have p(k) #
q(k). Consider a (k + 1)-congruent 1-arity diagram for 7, and 7. (If there is no
such 1-arity diagram, p* (7,,7,) = k + 1 follows immediately.) The first k + 1
nodes of the two priority predendrograms are identified, and hence the evaluations
agree up to the kth node. The next comparison is therefore between the parameters
p(k) and g(k). Since these are distinct elements of 3, their direction is independent

of the choice of the (k + 1)-congruent diagram. Hence k + 1 is secure.

* Suppose next that one of p and q is a proper initial segment of the other; without

loss of generality, lhp = k£ < lhg. Then the node of index k is terminal in

n? and non-terminal in ;® . Thus, in every (k + 1)-congruent ostensible arity
p q

diagram, completion separates the two occurrences of the common node into its

non-terminal copy and its terminal copy, whose local order is fixed. Consequently,
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the comparison between 7,, and 7, is independent of the choice of the (k + 1)-

congruent ostensible diagram. Hence k£ + 1 is secure also in this case.
From this fact, we can compute the cells:

1. There is only one cell in Level 0.

2. In Level 1, there are four cells: {7} and the three sets C), C;, C,, where C; =
{7 [ p(0) =}

3. In Level 2, each C; has three children, namely, {7;} and C;; for j # i, where
Cij = {Tp | p(0) =i, p(1) = j}.

4. In Level 3, C;; has two children, each is {7;;} and another cell with the unique

child of Level 4.
We also have the following:

1. Cy < C) < Cy < {1y},
2. Oy < A7}

3. The children C, and C\, of C'; are incomparable. All other children of other

nodes are <-comparable.

Figure 4.7 illustrates the cell decomposition of P. In this illustration, the order between
C,y and C 4 does not mean that they are <-comparable. Otherwise, the order of children
represents the <-order. We use the isomorphic dilator instead of the priority dendro-
gram in Figure 4.7 since in this case, the dilator structure determines the unique priority

dendrogram.

We now adapt the argument of Section 3.2 to characterize 2-ptykes in terms of 2-
dendrograms. However. there are additional difficulties in the higher-type setting. For
example, the union of priority dendrograms through an infinite branch may no longer be

a predendrogram, since it may end up with an infinite chain with no nodes extending to
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Co12 Coz1 Clo2 Ciao T2 Coor T Cag

To12 To21 T102 7120 7201 T210
Figure 4.7: The cell decomposition of the evaluation ptyx D — D(3).

a terminal node. Moreover, children of a single node may no longer be <-comparable.
Hence, we need a different formulation of thread and local well-foundedness. To han-
dle the issue of the infinite branch, we distinguish the direct union along a branch from
its completion. The former records the priority information appearing at finite stages,
while the latter restores the terminal points which may disappear when passing to the
union. More precisely, if b = (x,, | n € N) is an infinite branch of a 2-predendrogram
P. We have n¥(z,)) C =’ (z,_ ) for every n, but we warn that the inclusion map
is not a 2-predendrogram morphism. We only know that the inclusion map is a quasi-
morphism. However, after taking completions, we obtain predendrogram morphisms
o mwh(z,)* — m(x,.1)*. This allows us to form a genuine predendrogram from the

n

branch by taking the direct limit of the completed finite stages.

Definition 4.7.6. Let b = (z,, | n € N) be an infinite branch of a 2-predendrogram

P. We define the raw thread through b as the union |, _ n?(z,). We also define

P( *

T,),y.m)» Where

the thread predendrogram through b by the direct limit lim (1t

n<w

U 1 is the completion of the inclusion map " (x,,) € m”(z,,, ), and

*
o Ln,n+1 :
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Calculating the thread predendrogram is not entirely trivial from the definition, since
Ly, m between the completed finite stages need not be inclusions. Suppose that a node
x is terminal in ” (z,,), but not in w”(x,,, ;). Then the morphism ¢}, .., sends x to
the hidden terminal copy z*, while z itself occurs in 7 ” (x,,, ;) as a non-terminal node.
Thus the direct limit cannot in general be obtained by simply taking the union of the
finite completions. However, it turns out that we can compute the thread predendrogram

by ‘completing’ the raw thread.

Proposition 4.7.7. Let P be a 2-dendrogram, andb = (x,, | n € N) be an infinite branch

of P. Let U, = | nf(x,), and U » be the object obtained from Uy, by applying the

n<w
construction of ??. Then Uy, is a predendrogram, and the thread predendrogram through

b is isomorphic to Uy.

Proof. Observe first that, once a node of the raw thread becomes non-terminal, it remains

non-terminal at every later stage. Hence every u € U, has one of the following two forms:

1. wis terminal in every sufficiently large ? (x,,), in which case u is terminal in U, ;

2. u is non-terminal in every sufficiently large m®(z,,), in which case u is non-

terminal in U,,.

We define a map h: Uy — h_r)n nt(x,)* as follows. If u € U, is terminal in U,
n
choose n with u € ¥ (x,,) and send u to the direct-limit class [n, u] represented by

u € wf(z,)%. If u is non-terminal in U,, choose n sufficiently large that u is non-

terminal in w? (z,,), and send

*

u > [n,ul, u* > [n,u].

These values do not depend on the choice of a sufficiently large n.
The only point requiring attention is the case where w is terminal at an earlier stage but

non-terminal at a later one. If u is terminal in w”’(z,,) and non-terminal in ” (z,, ),
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*

then by the definition of the completion of a quasimorphism, ¢ (u) = w*. Thus the
earlier terminal occurrence of u represents exactly the same direct-limit element as the
hidden terminal copy u* appearing at later stages. This is precisely the identification
made in the definition of U;.

It follows directly that A is bijective. Indeed, every element of the direct limit is repre-
sented at some finite stage either by anode v € m® (z,,) or by its added terminal copy u*,
and the preceding discussion describes exactly which element of U} it represents. Since
the maps ¢y, ,,, preserve the predecessor relation, the local comparison relation, terminal
points, and priority predendrograms, the map h preserves all the corresponding relations.
Hence h is a predendrogram isomorphism. Since the direct limit is a predendrogram, so

is Uy 0

We also need a new definition of local well-foundedness. Fortunately, the failure of
the local comparison relation to be linear is rather limited. For each non-terminal node
x € P, there are only finitely many possible successor priorities among the immediate
successors of x. Indeed, if y is an immediate successor of x, then spr(y), whenever it is
defined, is a finite priority predendrogram on a fixed finite field. Hence the immediate

successors of x split into finitely many comparison blocks

term,, mid,, - ..., mid, .,

where term,, consists of the successors whose relevant priority node is terminal and
mid,, . consists of those whose relevant priority node is non-terminal with successor
priority 7. Recall that, for each 7, term, Umid, . is linearly ordered by <, every ele-
ment of mid, . precedes every element of term,,, and elements belonging to distinct sets

mid,, . and mid, ,, for T # p, are incomparable.

Definition 4.7.8. A 2-predendrogram P is locally well-founded if

1. the set of roots of P is well-ordered by <, and
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2. for every x € P and every successor priority 7 occurring among the immediate

successors of x, term,, Umid,, . is well-ordered by <.

Equivalently, P is locally well-founded if the local comparison relation at every node
has no infinite descending chain. Indeed, any descending chain of immediate successors
can meet the terminal block at most initially, and once it enters a non-terminal block
mid,, ., it must remain in that same block. Since only finitely many successor-priority

blocks occur, this is equivalent to the condition above.

We define 2-dendrograms by following the definition of 1-dendrograms:

Definition 4.7.9. A 2-predendrogam P is a 2-dendrogram if P is locally well-founded,

and every thread predendrogram of P is not a dendrogram.

The following theorem provides the 2-ptyx analogue of Theorem 3.2.4:
Theorem 4.7.10. For a 2-predendrogram P, Fun(P) is a 2-ptyx iff P is a 2-dendrogram.

We also break up the proof of Theorem 4.7.10 into several parts. The following

lemma guarantees the local well-foundness of a cell decomposition of a 2-ptyx.

Lemma 4.7.11. Suppose that P is a 2-predendrogram such that Fun(P) is a 2-ptyx.

Then P is locally well-founded.

Proof. Suppose that P is not locally well-founded. We claim that Fun(P) is not a 2-
ptyx. We consider the three cases. If the set of roots of P is ill-founded, let us fix the
infinite <-descending sequence (z,, | n < w) and y,, =" z,,. Then take C,, = 0 if
Yy, = ¥,,and C,, = mwP(y, ) otherwise. Then C' = >, Cy is a dendrogram since it
has no infinite branching, the set of roots of C' has ordertype w, and the set of immediate
successors of a fixed node of C'is finite. However, Fun(P)(C) is ill-founded.

Now suppose that the local well-foundedness fails for the set of children of x € P.
We have two possible cases: The set of terminal children term,, of z is ill-founded under

<, or the set mid,, . is ill-founded under < for some priority dendrogram 7. In the former
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case, Fun(P)(spr”’(z)) is ill-founded, yet spr”(z) is a (finite) dendrogram. In the latter
case, let us fix a <-infinite-descending sequence (y,, | n < w), and choose a terminal
2, o"*y,. Then spr¥’(y, ) = 7 for every n, and 7 is a subtree of w®(z,,).

We first choose a subsequence so that we can amalgamate 7® (2, ) compatibly over
7. For each u € , record whether u remains terminal in m?(z,,), and if not, record
its successor priority spr”P(Z"> (u). There are only finitely many such records since 7 is
finite. Hence, by the pigeonhole principle, we may assume that the records are all the

same for every n. It follows that the inclusion maps m — m®(z,) and 7 — w?(z,,) as

m
quasimorphisms satisfy the compatibility condition of the predendrogram amalgamation,
and whenever immediate successors are added above a common node of m, their priority
predendrograms agree.

Then we construct finite predendrograms A, C A; C A, C --- and embeddings
e,: mt(z,) — A,. We take A; = m¥(2,) and e, to be the identity map. Once we
constructed A,,, we construct A, ; by amalgamatinge,, [ m: m — A,, and the inclusion
map m — w’ (2, ), in a way that we place new points coming from m”(z,,, ) after
the points already occurring in A,,. It gives the amalgamation maps A, — A, ; and
€ni1: T (2441) = A, i1 Then take A = U, ., An» where we identify each A4,, with
its image in 4,, ;.

By construction, no new predecessor relation is introduced between points coming
from different amalgamands outside the common copy of 7. Hence, once a branch leaves
7, it is contained in the image of some finite predendrogram m® (z,,). Thus A has no
infinite branch. Moreover, A is locally well-founded. Indeed, at each amalgamation
step, within every local comparison interval determined by the common copy of 7, the
new points are placed after the points already present. Hence every local order of A is

an increasing union of finite linear orders obtained by adjoining new points only on the

right, and is therefore a well-order. The same applies to the order on the roots. That is,
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A is a dendrogram.

For each n, regard e,, as an embedding e,,: m?(2,) — A. Let
o, =(z,10,e,00),z, [ 1,e,(1),...,e,(Ih(z,) — 1), z,) € Fun(P)(A).

The predecessor sequences of z,, and z,, ; agree up to x, and their next nodes are y,, and
Yn41. TESpectively. Moreover, the embeddings e,, agree on the common copy of 7, so
all parameter coordinates occurring before this first difference agree. Since y,, > v,,,1,
the Kleene—Brouwer order gives o,, > o,,.,. Therefore, (o,, | n < w) is an infinite

descending sequence in Fun(P)(A), contradicting that Fun(P) is a 2-ptyx. O

Proposition 4.7.12. Suppose that P is a locally well-founded 2-predendrogram. If
Fun(P)(D) is ill-founded for some predendrogram D, then P has a thread dendrogram
that is embedded into D*. That is, we can find an infinite chain (x, | n < w) of imme-

*
diate successors in P such that ({J, _ w. ) embedsto D*.

Proof. Fix an infinite descending sequence (o,, | n < w) in Fun(P)(D). Consider
the tree 7' obtained from Fun(P)(D) by taking the closure under initial segments of
o € Fun(P)(D). We claim that every set of immediate successors in 7" is well-ordered.
Indeed, if an initial segment ends with a node of D, then its immediate successors are
nodes of P lying in a single local comparison block of P, and hence are well-ordered
since P is locally well-founded. If an initial segment ends with a node of P, then its
immediate successors are nodes of D lying either among the roots or among the im-
mediate successors of a fixed node of D, and hence are well-ordered since D is locally
well-founded.

We can think of (0,, | » < w) as an infinite descending sequence over 7" under
the Kleene-Brouwer order. Applying the usual Kleene-Brouwer stabilization argument,

we have that the length |o,,| is unbounded in n, and there are z(, z,, 4, - € P and
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Cys C1, Co, -+ € D such that every finite initial segment of

<x07 Cps L1, C1, Lo, Co, >

occurs as an initial segment of elements of o,, arbitrarily far along the sequence. In
particular, we also have P F xj, — x; —o x5 —o -,

LetU =], _, n?(x,). Define e: U — D by e(i) = c,. Every finite part of U is
contained in some 1? (x,,), and the corresponding initial segment of the branch of 7" ex-
tends to an element of Fun(P)(D). Hence e preserves the predecessor relation, the local
comparison relation, and priorities. It may fail to preserve terminal points, and this is the
only possible failure. The completion construction for predendrogram quasimorphisms
therefore applies verbatim and yields a predendrogram embedding e*: U* — D*. Since
U* is the thread predendrogram associated with (x,, | n < w), the desired thread pre-

dendrogram embeds into D*. [

Proposition 4.7.13. Suppose that P is a 2-predendrogram such that Fun(P) is a 2-ptyx.

Then every thread predendrogram of P is not a dendrogram.

Proof. Suppose that there is a thread predendrogram of P that is a dendrogram. That is,

we can find an infinite sequence
P':Z'O—Ol’l—ol‘Q—O”-

such that U* := (Um<w L fnl)* is a dendrogram. For notational convenience, let us

P(z,).

write C,, = 1
For each m < w, choose a terminal extension z,, o—* z,,. We first thin out the
sequence of terminal extensions. For n < m, consider the following finite information

about the inclusion C,, C w?(z,,): for each u € m ¥ (z,,), record whether u is terminal

in 1w (z,,), and, if it is non-terminal, record spr™ (*m)(u). We call this the C,, -profile
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of z,,. There are only finitely many possible C -profiles since C, is finite, and there are
only finitely many possible successor priorities.

By applying the pigeonhole principle infinitely many times, we can choose infinite
sets Iy O I, O I, O ---suchthat I, C w\ (n + 1) and and the C, -profile of z,,
is independent of m € I,,. Choose a strictly increasing sequence k,, € I, and set
(

Y, = z - Theny,, extends x,,., and hence C, ., C " (y,,). Moreover, n?(y,) and

nt(y, 1) have the same C,,-profile for every n. Now we prove the following claim by

(

amalgamating " (y,,) appropriately:

Claim. There is a dendrogram D and predendrogram embeddings e, : m® (y,,) — D
such that for every n < w,

ce,1 1C,=¢e,C,, and

* DF €n+1<n> < €n<n>

Once we have the claim, we have the desired result. For each n < w, let

Op = <yn [07671(0)7:%1 f 1,6n<1)7"'7yn> S Fun(P>(D)

Since y,, and y,,. ; both extend x,, , , their predecessor sequences agree through x,, ;.
Moreover, we have e, (i) = e, (i) for every ¢ < n, so o,, and o, agree up to the
n-th parameter coordinate. At the n-th parameter coordinate, e, ;(n) < e, (n) gives
O, >kB Ony1- Thatis, (o, | n < w) is an infinite descending seqeuence of Fun(P)(D),
so Fun(P) is not a 2-ptyx.

Now we prove the claim. We construct finite predendrograms D, C D; C D, C --

and embeddings e, : w? (y,) — D,, recursively such that
l.e, 1 1C,=c¢e,IC, and
2. D, Fe, 1(n) <e,(n)forevery n.
3. Themape, | C,: C,, — D, hasin D, the same terminality and successor-
(

priority profile as the inclusion quasimorphism C,, C " (y,,).
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In the following argument, we identify D, with its image in D, ;. We first take
D, = m?(y,) and let ¢, be the identity map. Now suppose that D, and e,, have been
constructed. By our choice of the y,’s, the inclusions C,, € m¥(y,) and m® (z,,) C

1 ”(y,1) have the same profile. Hence
e, | C,:C,— D, and C, Cwf(y,,)

satisfy the compatibility condition for predendrogram amalgamation. Moreover, their
terminality agrees on C,,.
(

Now we are going to amalgamate D,, and " (y,, ) over C,, to form the following

commute diagram:

nf(

Yni1) —e 7 Dna
Since both m”(y,,) and ™" (y, ) contain C,, 4, the two copies e,,(n) and e, (n)
have the same immediate predecessor and determine the same cut over the common copy
of C,. Hence we may choose the local comparison order in the amalgamation so that
eni1(n) <e,(n).

We also choose the local comparison orders in the amalgamations in a coherent way.

To explain the choice, fix a node v in the common copy of C,,, and suppose that the

immediate successors of u which already belong to the common part are
ao < al < < a/Tfl‘

The immediate successors contributed by either amalgamand are divided into finite

blocks according to the intervals

(—OO,CLO), <a07a1>7 Ty (aervarfl% (aT,1,+oo)

in which they occur. Within each such block we keep the local order inherited from the

original amalgamand. If finite blocks arising at different stages occupy the same interval,

72



we arrange these blocks in increasing order of the stage at which they are introduced.

Thus, schematically, if B, is introduced before Bj in the same interval, we arrange
a, < B; < B; <apyq,

while preserving the given finite orders inside B; and B;. We make the analogous choice
for the order of roots. The distinguished pair e, ;(n), e, (n) is arranged as prescribed
above: e, ;(n) < e, (n) . The point e,, ,;(n) becomes part of the common copy at all
later stages, whereas e,,(n) belongs only to the finite piece introduced at stage n. Hence
this exceptional insertion occurs only once for each n.

We use the amalgamation constructed in the proof of Theorem 3.3.11, so that the
images of D,, and m” (y,, . ;) intersect exactly in the common image of C,,. In particular,
no points outside the common copy of C,, are identified. Moreover, as in the construction
of the amalgamation, the predecessor relation is inherited from the two amalgamands;
only the local comparison orders need to be chosen.

Finally, Condition (3) is preserved. Note that C,, ., = C,, U {n}. Foru € C,, the
two amalgamands have the same terminality and successor-priority profile at . Hence
the amalgamation does not change this profile. For the new node 7, the two copies e,,(n)
and e,, . ;(n) have the same immediate predecessor (or are both roots), but e, (n) does
not become a successor or predecessor of e, ; (n). Hence the amalgamation introduces
no new immediate successor of e, ;(n), so its terminality and successor priority are
exactly those inherited from 7 ? (y,, ;). Thus condition (3) holds at stage n + 1.

Now we claim that D = Un<w D,, is a dendrogram. The previous amalgamation
construction guarantees that D is locally well-founded. Now we claim that every infinite
branch is contained in U = {u | u € U}, where U = U, Cn and @ is the eventual
value of e,, (u), which exists since e, [ C,, = e, | C,,. Indeed, ifv € D, \ e,[C,,],

then no later amalgamation adds any new extension above v. This is because the amal-

gamation at stage n is performed only over the common copy of C,,, and the predeces-
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sor relation of the amalgam is simply inherited from the two amalgamands. Likewise,
among the new points contributed by ? (y,, 41) at stage n + 1, only the point belonging
to C,, .1 \C,, = {n} becomes part of the common copy used in later amalgamations. Ev-
ery point of " (y,,, 1)\ €,,.1(C,,.1] belongs to D, .1\ e,,.1[C,,.1], and hence receives
no new extensions at any later stage. Consequently, for every point v € D \ U, the sub-
tree of D above v is contained in some finite D,,. Thus no infinite branch of D can pass

through v, and every infinite branch of D is contained in U. Since U* is a dendrogram

and D is well-founded, we have that D* is a dendrogram, so is D as desired. O]

Proof of Theorem 4.7.10. Suppose that P is a 2-dendrogram. Then Proposition 4.7.12
implies Fun(P) is a 2-ptyx. Conversely, if Fun(P) is a 2-ptyx, then Lemma 4.7.11 im-
plies P is locally well-founded, and Proposition 4.7.13 implies every thread predendro-

gram of P is not a dendrogram. Hence P is a 2-dendrogram. [
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